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SEMI-REGULAR RINGS AND 
SEMI-REGULAR IDEALS 


By D. G. NORTHCOTT (Sheffield) 


| Received 10 December 1958] 


Introduction 

A WELL-KNOWN theorem by F.S. Macaulay [(3) § 48] concerning ideals 
in a polynomial ring A[X,,X,,..., X,,], where A is a commutative field, 
asserts the following: Lf an ideal a of rank r can be generated by r elements, 
then the prime ideals belonging to a all have rank equal to r. Later the 


corresponding result for regular local rings was proved by I. S. Cohen 


{(1) 99 Theorem 21]. 

Recently our knowledge concerning Noetherian rings in which the 
Macaulay—Cohen theorem holds has been greatly extended. In the first 
instance, these extensions were accomplished with the aid of homo- 
logical methods [see D. Rees (8)] and by techniques using multiplicity 
theory |see M. Nagata (4) and D. G. Northcott (6)]. Subsequently, 
however, it was shown by D. Rees and the author (7) that the main 
part of these results can be established in a comparatively elementary 
manner. The contents of this latter paper will therefore be used to form 
the foundations of the present one. 

Now Macaulay's arguments yield more than the unmixed character 
of certain ideals, and his way of expressing this was to say that, for 
homogeneous ideals, the conclusions could be strengthened by saying 
that the ideals were perfect. At the time when Cohen obtained his 
results, no similar concept was available for abstract local rings. 

The purpose of the present paper is to show how certain generaliza- 
tions of Macaulay’s theorems on unmixed ideals can be extended in a 
similar way. Instead of merely proving that, under appropriate condi- 
tions, an ideal is unmixed, I shall also show that it is semi-regular.t 
To avoid misunderstandings, it needs to be emphasized that in a poly- 
nomial ring A[X,, Xq,..., X,,], with K a field, semi-regular ideals are not 
the same as perfect ideals. However, suppose that a is a homogeneous 
ideal and Q is the ring of fractions formed with respect to the prime 
ideal (X,, Xq,...,X,). Then a is perfect in Macaulay's sense if and only 
if Qa is a semi-regular Q-ideal [ef. W. Grobner (2) 199]. Again, in a 


+ The definition is given in § 1. 


Quart. J. Math. Oxford (2), 11 (1960), 81-104. 
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82 D. G. NORTHCOTT 

regular local ring an ideal is semi-regular if and only if it is perfect in 
the sense of Rees |(8) Theorem 5.4]. I shall say no more on the con 
nexions between the two concepts. There are strong indications sug- 
gesting that semi-regularity is the natural one to use in the type of 
theory developed here. 


As remarked above, the basic ideas on which this paper rests have 


emerged only recently and, in fact, there has been considerable diversity 


in the terminology used, as well as in the methods employed in the 
various demonstrations. This makes it a somewhat tiresome matter to 
relate results found in different papers. It has therefore seemed worth 
while to include brief discussions of certain proofs which are already in 
the literature. In this way, apart from results set out in the short and 
elementary paper (7), the present account becomes self-contained, 


1. Some definitions 


To avoid constant repetition, it is to be understood that, when we 
speak of a ring, we shall always mean a commutative ring with an identity 
element. If Ris a ring, then a proper ideal of R is any ideal different 
from RF itself. R is said to be Noetherian if all its ideals are finitely 
generated. 

Let R be a Noetherian ring. If a proper ideal a can be generated by 
r(r » 0) elementst then, by a well-known theorem by W. Krull [see, 
for example, (5) 60, Theorem 7)]|, the rank of a is at most r. The first 
formal definition extends the scope of a term used by Macaulay in 
connexion with polynomial rings. 


DeFINiTION. A proper ideal a which can be generated by 8 elements, 
where s — ranka, will be said to be of the ‘principal class’. 


\s remarked in the introduction, Macaulay and Cohen were con- 
cerned with particular Noetherian rings in which ideals of the principal 
class are always unmixed with respect to rank. This prompts the next 
definition which, however, will be modified later for the sake of 
uniformity. 


Derinition. A Noetherian ring with the property that, for each ideal a 
of the principal class, all the prime ideals belonging to a have the same 
rank as a will be called a *Macaulay—Cohen ring’. (Abbreviation: MC 
ring.) 


Let R be any ring and a one of its proper ideals. 


+ The empty set is regarded as generating the zero ideal. 
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Derinition. The ideal a will be said to be ‘semi-regular’ if R/a is an 
MC-ring. 

According to this definition, a ring R is an MC-ring if and only if its 
zero ideal is semi-regular. Now for local rings (i.e. Noetherian rings 
having only one maximal ideal) there is a notion of semi-regularity 
based on different considerations {see (7) 371]. To be explicit, a local 
ring @ of dimension d (d > 0) is said to be ‘semi-regular’ if there exist 


d non-units @,, dg,..., @, such that 


(14, Ag,...,Ag_1): Ag = (Ay, Ag,..., Ay_y) 


fori = 1, 2,...,d. (Note that every zero-dimensional local ring is semi- 


regular.) In other words, in the terminology of (7), Q is semi-regular 
if there exists a prime sequencet with d terms. However, it is a funda- 
mental result [(7) 372 Theorem 2.4] that a local ring is an MC-ring if 
and only if it is semi-regular in the sense just explained. In view of 
this it will not lead to confusion if we rename MC-rings as follows: 


Derinition. An MC-ring, that is a Noetherian ring in which the 
Macaulay—Cohen theorem on unmixed ideals holds, will also be known as 
a ‘semi-regular’ ring. 

This secures the desideratum that a ring is semi-regular when and 
only when its zero ideal is semi-regular, 


2. Preliminary observations 

It is often convenient, when considering semi-regular rings and ideals, 
to transform a problem to a ring of fractions formed with respect to 
a suitable multiplicatively closed set. We make some observations 
concerning the principles governing this procedure. 

Lemma |. Let R be a commutative ring with an identity element and 
Sa multiplicatively closed set of elements of R not containing zero. Further, 
let a be a proper ideal not meeting S. Then, with the usual notation for 
rings of fractions, there exists a ring-isomorphism 

Rg as © (R/ahisia: 

Remarks. As is customary, ag denotes the ideal Ry a and, as is clear, 
this ideal is proper. By S a is to be understood the natural image 
of S in Ra. When S is the complement of a proper prime ideal p 

+ The notion of a prime sequence is available for any ring. Quite precisely, 

a, is a prime sequence if (a,, dy,..., @q) is a proper ideal and 


(Dy seers aj 5) 3G 


for each + 
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containing a, we shall sometimes write R, and a, in place of Ry, and 
ag. The above isomorphism then becomes 


R, a, ~ (Ria) 


(pla) 

Proof. A proof is given in [(9) 226]. A shorter version is as follows. 
Write the elements of Rg as formal quotients [rc], where re R, ce S, 
and we have the usual rule for identification. A homomorphism of R, 
on to (Ra)si) is obtained by mapping [r/c] into [¢(r) d(c)], where 
d: R-» Ra is the natural homomorphism. A trivial verification then 
shows that the homomorphism of Rg has kernel ag. 

Let k be a Noetherian ring. It is known [see (7) 373 Theorem 3.1 and 
(4) 213 Proposition 8] that # is semi-regular if and only if R,, is semi- 
regular for every maximal ideal m. Again, suppose that p is a proper 
prime ideal and that p contains a prime sequence with r terms, Then R, is 
semi-regular, for it is a local ring whose maximal ideal contains a prime 
sequence having dim R, terms. 

Next assume that FR is semi-regular and that S is a multiplicatively 
closed set not containing zero. The ring of fractions of Ry, with respect 
to a maximal ideal can be identified with R,, where p is the contraction 
of the maximal ideal in R |see, for example, (9) 231]. However, R, is 
semi-regular |(7) 373 Theorem 3.1] and this shows that Rg is semi 
regular. 

The first theorem and its corollary combine some of these observa- 
tions with Lemma I. 

THeoreM |. Let R be a commutative ring with an identity element and 
a one of its proper ideals. If now Ra is Noetherian, then a is semi- 
reqular if and only if a,, is a semi-regular R,,-ideal for every maximal 


mt t 


ideal m containing a. 

CoroLiary. Jf a is a semi-regular R-ideal and S is a multiplicatively 
closed set not meeting a, then ag is a semi-regular R,-ideal. 

Consider a semi-regular ideal a in a ring R. Since Ra is Noetherian, 
a possesses a primary decomposition, and therefore we may speak of 


the ‘prime ideals’ belonging to a. Also the ring Ra is semi-regular and 
therefore its zero ideal, which is certainly of the principal class, has 


no embedded prime ideals. These remarks yield our next result: 
THEOREM 2. A semi-regular ideal in a ring R has no embedded prime 
ideals. 
TueoreM 3. If A and B are semi-regular rings, then their direct sum 


A+ B is also semi-regular. 
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Proof. R is Noetherian since it is the direct sum of two Noetherian 
rings. Now let M be a maximal ideal of R; then either M = m+ B, 
where m is a maximal A-ideal, or M = A-+n, where n is a maximal 
B-ideal. Suppose, for definiteness, that the former is true; then R,, is 
isomorphic to A,, and so is semi-regular. The theorem follows. 

As an example, let A be a one-dimensional regular local ring with 
maximal ideal m and let B be a field. Then R = A+ B is semi-regular. 
Further, @ — m+-B and M’ = A-+0 are the only maximal ideals of 
R and we have Ry =~ A, Ry =~ B. Now every proper ideal of A or 
of B is semi-regular; hence, by Theorem 1, every proper R-ideal is 
semi-regular. In particular, .@9 M’ is semi-regular, and this shows 
that, in a semi-regular ring, the prime ideals belonging to a semi-regular 
ideal need not all have the same rank. However, the situation is less 
complex than this observation might suggest. 


THeoreM 4. Let R be a semi-regular ring and aa semi-regular R-ideal. 
If now p and p’ are prime ideals belonging to a which are both contained in 
the same maximal ideal m, then rank p rank p’. 


Proof. The ideal a 


a semi-regular local ring and p,, a,,. Pj, Q_. being prime ideals belonging 


m iS semi-regular (Theorem 1). Hence R,,/a,, is 


7o.° 


to its zero ideal, both have zero rank. It follows [(7) 372 Theorem 2.3] 
a,, and pia 


m m 


that p,, have the same dimension, and hence that 
dim p,, dimp,,. But R 


m* 


is also a semi-regular local ring. Conse- 
= rank p 


m 
, 


m and now the theorem 


quently, by the same result, rank p,, 


fi le Ws. 


THeoreM 5. Let a be a semi-regular ideal ina ring Rand p, p' proper 
prime ideals such that a pcp’. Then 


rank(p’ a) rank(p’ p)+-rank(p a). 


Proof. By going to the ring R, a, we reduce the theorem to the case 


in which FR is a semi-regular local ring, with maximal ideal p’, and ais 
the zero ideal. For this situation the theorem is known |(7) 372 Theo- 


rem 2.3]. 


CoROLLARY |. With the same assumptions as in the theorem, let 
QS Bel PC He C.-C Py =P 
he any chain of prime ideals such that (i) py is a minimal prime ideal of a 
and (ii) for each value of i (i = 0,1,...,k—1) there is no prime ideal strictly 
between p, and p;.,. Then k = rank(p’/a). 
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Since R/a is Noetherian, we can speak of the minimal prime ideals 
of a. The corollary follows [see (7) 373 Theorem 4.1] again by passage 
to the ring R,/a,. 

Still keeping to the same notation and hypotheses, we obtain a further 
result by combining the corollary with the theorem. 

COROLLARY 2. For any chain 


, 


P= 9904, C--C Om = P 
of prime ideals such that no further prime ideal can be inserted between two 
consecutive terms, we have m rank(p’ p). 

The final theorem of this section embodies a remark of Nagata’s 
[(4) 211 Remark 1]. This particular result will be generalized both in 
§ 4 and in § 6. 

THeoreM 6. Let R be a semi-regular ring and aan ideal of the principal 
class. Then R/a is semi-regular. 

Proof. Let a = (a,,dg,...,a,) be of rank r and ¢,, ¢y,..., ¢, such that, 
if b = (a, =. c,), then b/a is a proper ideal of rank s. If now 
p’ is a prime ideal belonging to b, then we wish to show that 


rank(p’/a) = s. 


a 
Choose a prime ideal p belonging to a such that p © p’ and 


rank(p’/a) = rank(p’/p). 
Then, applying Theorem 5 to p, p’ and the zero ideal of R, we get 
rank(p’ /a) rank p’—rank p = rank p‘—r. (A) 
In particular, rank p’ = r+rank(p’ a) > r+-s. 
This last observation makes it clear that b has rank r+-s and is therefore 
of the principal class. Accordingly rank p’ = r-+-s and now the required 
result follows from (A). 


3. Adjunction of indeterminates 

Techniques involving the adjunction of indeterminates to a ring are 
comparatively familiar, but the use I propose to make of this idea has 
one or two slightly unusual features. 

Throughout this section, R will denote a commutative ring with an 
identity element, and 2, 2,..., 2, are indeterminates. Consider elements 
b(x1,2y,...,2,) of P = Ri xy, 25,...,x,] with the property that the R-ideal 
generated by the coefficients of 6 is R itself. It is easy to see that these 
elements form a multiplicatively closed set S. Further, we contend that 


no element of S is a zero-divisor in P. 
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To establish the second assertion,+ suppose that 
P(Xy, Xqy.-+) Fy )G(Xy, Loy-0+y Ly) = O, 

where 6 S and at least one coefficient of g is not zero. Let R, be the 
subring of R generated by the identity element and the coefficients of ¢ 
and g. Then R, is Noetherian and ¢ is a zero-divisor in Ro[2,,%,..., Xp]. 
Hence ¢ belongs to the extension, to R[x, 22,...,2,], of some prime 
ideal belonging to the zero ideal of R,. It follows that there exists 
c #0(ce R,) such that cd(x,,...,2,) = 0. But, since the coefficients of 
¢ generate R, this implies that ¢ = 0 and so we have a contradiction. 


Now let us put 
R’ = Py = {R[2,, 2p)..., Zp ]}g. 


It is easy to check that, if a and b are R-ideals, then 
R’'an R= a, R'(an b) R’at R’b. 
Again, if 2,2 EP, P(X, Xg,...,2%,) ES, 
and all the coefficients of fy belong to a, then already the coefficients of 


f must be in a. (This is because, if we use a bar to denote the effect 
of applying the natural mapping R > R/a, then 


and, since the coefficients of J generate R/a, P(2,,..., Lp) is not a zero- 
divisor.) It now follows without difficulty that 
R'(a:b) = R’a: R’b. 

On the basis of these results, we shall be able to transfer to R’ 
certain problems concerning the ideals of R. The advantage gained is 
that the indeterminates may be used to form ‘general elements’ of the 
ideals under consideration. 

Since it is sometimes convenient to adjoin sets of variables in suc- 
cession, rather than all at once, we make a brief analysis of this situation, 
Consider a set 


Ly), 


of elements of R[ix,,2,...,2,]|. If the coefficients of these polynomials 


generate the R-ideal a, then 
R'f,4+-..4Rf, S R’a. 


Since R’aN R = a, we see that, if a is proper, then so is R’f,+-...+- R’f,. 


+ The argument, which follows, is based on Cohen [(1) 85 Lemma 14]. 
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On the other hand, if a = R, then by choosing suitable integers m,, 
Mg,..., Mm, We can make 
afi tat fet... taf, 
an element of S, and this shows that 
R’f,+...+R'f, = R’. 
Thus, to sum up, 
IAa0---rFy)> JalSar--er%y)s, 000 If Zqy-0 Fy) 

generate a proper R’-ideal if and only if their coefficients generate a proper 
R-ideal. 

To bring out the connexion of R’ with R and the indeterminates 


P p le | aul > 
X,, Xq,...5 Xp, let us write R’ R 


Pp t 


re 
Suppose now that y;, y2,..., y, are further indeterminates. Then, after 
the concluding remark of the last paragraph, it is easy to see that 


R (Rip) 


(ry) ty)? 
where (x,y) denotes the complete set 2,,.. 
Next suppose that Ris Noetherian. Let a = (a,,qy,...,a,,) be a proper 


R-ideal of rank k, and 2,; (1 < 7, j < m) indeterminates. Put 
a’ > @:2; <j<m) 


Then R’ is Noetherian and 


R' (a, 


and Rk’ = R, 


=” 


because, in Rk’, the determinant x,, is a unit. Also, since S will not 


ij 
meet any prime ideal belonging to the ideal generated by aj, dg,..., a 


m 


in R{...aj;...], R’(ay,,...,4,,) and R(a,,d,...,a,,) have similar primary 


decompositions. In particular they have the same rank, namely k. We 
now contend that, if 1 <n < k, then any n elements among a}, @5,..., dy 
generate an R'-ideal of rank n. This is easily seen to be true when 
n = 1. We therefore suppose that 1 <n < kand that we already know 
that each set of n—1 elements among a}, a},..., a), generate an ideal of 
rank n—1. 


Let 8), 8,..., 8, be any n distinct integers from among 1, 2,..., m and 


i 
assume that ee has rank Jess than n. Then there exists a 
prime R’-ideal, p’ say, of rank n—1 and containing (a,,,4, 
Now p’ will belong to (a..a’....., a, ), which shows that p’ can be 


s,° Re 
id | 2 


generated by elements ¢,, ¢,..., 6, where each ¢; is a polynomial (with 


coefficients in R) involving only the (n—1)m variables that occur in the 


expressions fora, , a , Let s be any integer in the range 1, : 


, 
Ss 
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different from all of 8,, 8,..., 8,. By suitably permuting the variables 
we can obtain an isomorphism of R’ on to itself which (i) leaves every 
element of F# fixed; (ii) interchanges the variables concerned in the 
representations of a, and a, so that the former is mapped into the 
latter; (iii) leaves all the other variables unchanged. This isomorphism 
maps p’ on to itself and (a),,...,a,, ,,@,,) om to (a,,,...,@,,_,,@,). Conse- 
quently (d,,5---1 45, 14) S Pp’. 

Repeating this interchange argument, we find that any n elements 
among @}, @},..., a, generate an ideal contained in p’. Accordingly 


m& 
R’(a,, @¢,...,4,) S p’, 

which is impossible since the rank of R’(a},a},...,a),) is k. This is the 
required contradiction. 

The usefulness of the above considerations in the special theory we 
are discussing, stems from the following result. 

Proposition 1. Let R be a semi-regular ring and x, %q,..., X, inde- 
terminates. Then, with the above notation, R,, is also semi-regular. 

Since the property of being semi-regular is preserved in the transition 
to a ring of fractions (Theorem 1), Proposition 1 is an immediate 
consequence of the definitions and the following beautiful theorem by 
Nagata |(4) 213 Proposition 9]: if R is semi-regular, then the polynomial 


ring Rix, 2,,...,%,| 18 also semi-regular, For the sake of completeness, 


I sketch Nagata’s proof. In the first place it is necessary only to con- 
sider Riz}, where z is a single indeterminate. Let IN be a maximal ideal 
of Riz]; then it suffices to show that the ring of fractions of R{z] with 
respect to I is semi-regular. By first forming fractions with respect 
to R—(ROA WM), this problem is reduced to the case in which R is a 
semi-regular local ring and I contracts to its maximal ideal m say. 
Let the dimension of the local ring R be d; then there exist non-units 
a, Which form a prime sequence in R and therefore also in 
Now, in Riz], (a,,ag,...,a@,) is a primary ideal belonging to mR{z], 
and we can find 8 in M which is not in mR{[z]. Then a,,...,a,, 8 is a prime 
sequence and, since there is clearly no prime ideal between m&{z]| and 
WM, M is a minimal prime ideal belonging to (a,, ay,...,a,,8). This shows 
that IN has rank d+-1 and contains a prime sequence with d+-1 terms. 
The required result therefore follows. 


4. Ideals of the principal class 
After the general discussion of the last two sections we can build up, 
for semi-regular rings, a theory similar to that developed by Macaulay 
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for polynomial rings. Indeed, from now on, several of the proofs will 
be suitably modified versions of the original demonstrations. 


THEOREM 7. Let R be a semi-regular ring and a an ideal of the principal 
class. Then every power of a is semi-regular. 

It is convenient to begin by establishing a weaker result namely [cf. 
(3) 51] 

LemMA 2. With assumptions as in Theorem 7, each power a’ (8 > 1) 
of a is free from embedded prime ideals and therefore all the prime ideals 
belonging to a® have the same rank. 

Proof. Let a = (ay, 4y,...,4,,), Where m = ranka. The proof will be 
by induction with respect to m, and we can observe at once that the 
lemma is obvious for m 0 and m = 1. From now on, therefore, we 
shall suppose that m > 2 and that the lemma has been proved, in all 
cases, for ideals of the principal class whose rank is less than m. 

Turning now to the consideration of a = (4,,4,...,4,,), by forming 
m linear combinations of a,, @.,..., @,, With indeterminate coefficients 
(see § 3), we can suppose (for the purposes of the proof) that any p 
(1 < p <™m) elements among 4), dy,..., a,, generate an ideal of rank p. 


This will be a great advantage. 

It remains to be shown that a* (s > 1) has no embedded prime ideals, 
and for this we use induction with respect to s. When s = 1, there is 
no problem. We shall therefore assume that s > 1 and that it has 
already been shown that a*~! has no embedded prime ideals. It will 
now be supposed that a* has an embedded prime ideal p, and from this 
we shall obtain a contradiction. This will complete the proof. 

By the inductive hypothesis, all the prime ideals of a*~! are minimal 
and therefore they are the same as the minimal prime ideals belonging 
to a*. Accordingly, p is not contained in any prime ideal of a*~!, and 
so we can find wep such that a*-':w = a*-! while, of course, a*:u 
strictly contains a’. 

Choose v not in a* with the property that uv ea‘. Since a* € a*}, 
we have ve a®!:u = a*-'. Hence v can be written in the form 

v = a,9,(a, m) tg be(Ag,--+5 Ay) + ++» +O Pn (Bm) 
where ¢,(4;,4;,,,...,4,,) is a form of degree s—2 in a;, a;,,,..., @,, alone, 
its coefficients being in R. But uv € a*; consequently 
uv =a,z (mod(dg, dsy,...,4,,)°), 
where z € a*-', and therefore 


ua, >, = a,z (mod(d,,4,...,a,,)°~). 
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But the first inductive hypothesis shows that all the prime ideals of 
(dy, Q3,...,4,,)°~! have rank m—1. Hence a, does not belong to any of 
them, and therefore 


ud, =z (mod(ay,dy,...,4,,)*~'). 
Accordingly ud, € a*~!, and now it follows that ¢, € a*~!. 
Put v’ = Ay ho(Ag,..., A,) +43 $3(4q,.--,4,,) +... + Ay, O(4,,): 


Then v’ ¢ a® but ue’ € a’, so that v’ has properties and a representation 
similar to those of v. A repetition of the argument just given then shows 
that ¢,(d,...,a,,) also belongs to a*-!. Proceeding in this way we 
eventually find that each ¢,(a;, 4; ,,,..-,4,,) belongs to a*~!, and therefore 
vea‘’. This is the required contradiction. 

Proof of Theorem 7. By virtue of Theorem 1, it will suffice to prove 
the theorem for semi-regular local rings. Accordingly, from now on, 
this extra condition will be imposed on R. Denote its maximal ideal 
by mand put d = dim R. As before we suppose that a has rank m. 


We shall construct, in succession, non-units 6,, 6, bam Such that 
—m),. 


Since the dimension of a* is d—m [(7) 372 Theorem 2.3], this will prove 
that R a* is semi-regular and thereby establish the theorem. 

Assume for the moment that d > m. By Lemma 2, a* has no em- 
bedded prime ideals, and hence m is not a prime ideal of a*. We can 
therefore find 6, in m so that (0):6, (0) and a*:b, = a*. Now R/(5,) 
is a (d—1)-dimensional semi-regular local ring (Theorem 6) and (a, ,) 
has dimension d—m—1. Consequently (a, ,)/(6,) has rank m and there- 
fore it belongs to the principal class. It follows, by Lemma 2, that 
(a*,b,) (b,) has no embedded prime ideals, and this implies that (a*, 5,) 
is also free from embedded prime ideals. If therefore d > m-+-1, m will 
not belong to (a*,6,), which is of rank m+1, and we shall be able to 
find 6, in m such that (a*,b,):6, = (a*,b,) and (b,):b, = (6,). This time 
(a, b,,6,) (b;, 02) is an ideal of the principal class in the (d—2)-dimen- 
sional semi-regular local ring R/(b,,6,); hence, again by Lemma 2, 
(a*,4,.6,) has no embedded prime ideals. Proceeding in this way we 
with the required properties. 


are able to construct 6,, by,..., bam 


THEOREM 8. Let R be a semi-regular ring and ay, 4y,..., a,, (m > 1) 
elements which generate an ideal of the principal class whose rank is m. 
If now Ly, Lg,..+, L,,, are elements of R such that 


ay L, a As L,+ coo “T Am Ln = 0, (B) 
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then they can be expressed in the form 


m 


L, = bs Dja; (lk <t<m), (C) 
J 


where D,; € Rand 
dD 


;=—Dy (i #)). (D) 


Conversely, elements L, defined by (C), where the D,; satisfy (D), have the 


property (B). 

Proof. The converse is trivial, and I shall say no more about it. The 
remaining part of the theorem will be proved by induction with respect 
to m. Since the assertion is obvious for m = 1, we shall assume that 


'< 2 and that the theorem has been proved for all smaller values of 


t inductive variable. 


Let x;; (1 < i, j < m) be indeterminates and put 


m 


S a; X;; <j} <m). 


Then > Xn = |X lay, 


where |X is the determinant |x,;| and X,,; is the cofactor of x,;. Conse- 
quently, if we put ‘ 


p L,, X,; (l <j < m), 


k 


then a, A,+a,A,+...+a,, A,, = 9. 

We pass now to the semi-regular ring P = R,,, |see Proposition 1], 
where (x) denotes the full set of indeterminates x;;. Observe that, 
in this ring, any ¢ (¢ < m) elements among ay, 4y...., x,, generate an ideal 
of rank ¢ [see § 3}. 

Put P* = P Px,,; then P* is semi-regular (Theorem 6). Further, 
using an asterisk to denote residues to modulus Px,,, we see that 


*\* * \* 1 * 
AP +aSAS+...ta%_,At_, = 0 


m m 
and (af, a9,..., * _,) is an ideal of rank m—1 belonging to the principal 
class.t Accordingly, by the inductive hypothesis, we can find elements 
Ay, (1 <i, j <m—1) in Ry such that 


Cr) 


A 0 (all 7), A —A,, (# #3), 


ij 
m—1 . 
A? > Ajay (l<i<m-—1)). 
1 


J 


+ This follows from Theorem 5. 
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Now choose elements A,,,, As,,,---> Agn—1m in Ry» such that 


m 


1 
> Aji; x;-++ Ain% (1 <t <m-—1). 
1 


j 


nm 
Then 
Ay Ny TT eee FT Ay 1%m-17T An Xm 


A 


Im % Xp eee TF Aun Dm %m—1 mT + 


But «,, is not a zero-divisor in P, and so 


\ ( Aim)% T ( Nem) %2 T cee Tt ( Don Dm) %m a 


m 


Thus, if we put A Ain (6 << m) and A,,,, = 0, then 


mi 


; (l<t<m), A,, = 9, 


A (for i + j). 


ij ji 


Next > A,2,; X L,,, and therefore 
i=] 


XIL 
where 


Clearly D,,, = 0 and D,, = —D,,. Now there exists a polynomial 


(...2;;...) Whose coefficients generate R, such that dD), = D,, (say) 
belongs to R{...2;;...] for all p, v and we have |X ¢L,, » Pur. 

vel 
By equating coefficients we arrive at relations c°L, > Diva, 


; 
where c is a typical coefficient of X 4 and Di’, is the corresponding 
coefficient of D, Clearly the pi enjoy the same antisymmetry pro- 
perties as the D,,. Finally, there exist elements 7” in R such that 
> et | and then L, = > D,,a,, where D,, > a) The theo- 

- 
rem follows. 


av’ 


5. Ideals defined by matrices (preliminaries) 
Consider a matrix 
Qy, Go + + Ay 


Mg, Gg, - + gy (m <p), (E) 


Amn Ame ° : a mp | 


in which the number of rows does not exceed the number of columns 
and the elements belong to a ring R. The m-rowed minors of (E) will 
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generate an ideal which in the sequel will be denoted by 


(yy Aye : - Gy 
Gy, 9, - + gp 


(F) 


a a a 


mi m2 . . mp 


In other words, double vertical lines will be used to indicate a matrix 
while the same elements enclosed in round brackets will signify the 
ideal which the matrix determines. Note that, when m 1, this nota- 
tion agrees with the one whereby (a,,43,...,a,,) is used for the ideal 
generated by the elements a, dy,..., @,,. 

The ideal (F) remains unchanged if we permute either the rows or 
the columns amongst themselves. Also we may add to the elements 
of one row (column) a multiple, by an element of R, of some other row 
(column) without altering the ideal. 


THeorem 9. Let R be a semi-regular ring and suppose that the ideal 
(F) is a proper R-ideal. Then its rank is at most p—m+1. Indeed each 


of its minimal prime ideals has rank not exceeding p—m-+ 1. 


Remarks. The author has in his possession notes of a talk given by 
1. 8S. Cohen in which Cohen dealt with this theorem in the case where R 
is an arbitrary local domain. The same talk also contained, for regular 
local rings, a result which is connected with Theorem 11 of § 6. Un- 
fortunately, although the notes contain brief indications of proofs 
which I have found very helpful, | was not able to reconstruct the 
original arguments. In all probability Cohen's treatment contained 
some short cuts which have been overlooked here. 

Proof, Let us use the letter a to denote the ideal determined by the 
matrix a,,, where | <i <m, 1 <j <p, and m < p. Further let p 


be a minimal prime ideal of a. Then R, is a semi-regular ring and a,, 


besides being detined by a matrix with m rows and p columns, is a 
primary ideal belonging to the maximal ideal. Thus, if we establish 
the first part of the theorem, we shall be in a position to conclude that 
dim Rk, = ranka, <— p—m-+-1, and hence that rank p < p—m-+1. In 
other words, the second part of the theorem follows from the first and 
therefore I shall say no more about it. 

The proof of the first part is by induction on m. For m 1 the 
result is already known. We shall therefore suppose that m > 2 and 
that the first part of the theorem has been established for ideals defined 
by matrices with m—1l rows and at least m—1 columns. Further, in 
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accomplishing the inductive step we may suppose that # is a semi- 
regular local ring with maximal ideal m (say). 

Now, if any of the elements a;; is a unit in R, then a can be obtained 
from a matrix with m—1 rows and p—1 columns, and consequently, 
by the inductive hypothesis, its rank is at most p—m-+1 as required. 
Thus we may restrict our attention to the case in which all the a,, belong 
to m. 

Consider the ideal 


a a 


mi m2 
in the ring Rt], where ¢ is an indeterminate. Since m > 2 and all the 
a,, are in m, it follows that b’ ¢ m&{t]. The ring of fractions of Rt] 
with respect to m&{t| is semi-regular,t and in this ring a,,+¢ is a unit. 
By an argument already used above, we can now conclude that the 
rank of the extension of b’ does not exceed p—m-+1. This in turn 
implies that there is a prime ideal p’, belonging to b’ and contained in 
mit], such that rank p’ < p—m-+1. 

In the semi-regular ring Ai{t], the ideal (p’,t) is proper and, by a 
simple application of Theorem 5, 

rank(p’,f) < 1+-rank p’ < p—m-+2. 
But (a, f) (b’,t) © (p’,t), so that (a, ¢) has rank not exceeding p—m-+ 2. 
But the rank of ak{t| is strictly less than that of (a,f) because ¢ is not 
contained in any prime ideal of ak{t], while a and aR{[t| have the same 
rank |(5) 67 Prop. 5|. Combining these remarks we obtain 
ranka <— p—m-+-l, 


and this completes the proof. 
I conelude this section with some further remarks on the use of in- 
determinates. Let x, (1 < ¢,j < p) be indeterminates, put 


y 


ye” pa) 


} 
7 a,,2 ((;) 


t 1 


and, with the notation of § 3, write P = R, , ,. Then in P the ma 


ty. 
trices «,,| and (a;, determine the same ideal, this being a proper 
P-ideal if (F) is a proper R-ideal. When R is Noetherian, the P-ideal 
and #-ideal have similar primary decompositions. In particular, the 
ideal (F) and its extension to P have the same rank. 


+ Here we make use of Nagata’s theorem and also the corollary to Theorem 1. 
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Lemma 3. Jf R is semi-regular, m <n <k+m—1, and (F) is a 


proper R-ideal of rank k, then any n columns of the matrix x;;\, determine 


ij 
a P-ideal of rank n—m-+-1. 


The proof involves only simple adjustments to that given in § 3 in 
connexion with a similar but less complex situation. However, we need 
semi-regularity here in order to assert that a proper ideal defined by 
a matrix with s rows and ¢ columns (s < ¢) has rank not exceeding 
t—s--l. 


Coro“ Lary. Let R be semi-regular and suppose that (F) is a proper 
ideal of rank p—m-+-1\. If now p > m, then 


“11 : * = 1 p-1 


%21 se © * 2,p-1 


Xml ° ° Xm,p 1 


has rank p—m, while, if p > - 2, then the ideal 


1p 1 


»rovided it is proper, has rank p—m-+-1., 
} pro} / 


Proof. The first assertion follows at once from the lemma. Now 
suppose that the first m—1 rows of (F) define a proper R-ideal; then 
its rank 4’ is at least equal to that of (F) and consequently hk’ > p—m+1, 


Phus (m—1) < (p 1) < k’'+(m—1)—1, 


and so, again by the lemma, (H) has rank p—m-4-1. Finally, consider 
the case in which the ideal determined by the first m—1 rows of (F) 
is the whole of R. In this situation every (m—1)-rowed minor of 


Xp 
Xo 


<p 


Xm 1,1 Xm-1,2 . e mn—1,p 


is a unit in P, and so, in particular, (H) is not proper. 


6. Ideals defined by matrices (continued) 
In this concluding section, we consider a semi-regular ring R and a 


proper R-ideal a defined by a matrix (a,;;\ with m rows and p columns, 


uy) 


where m < p. Furthermore, we shall be concerned with the case in 
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which the rankt of a is p—m-+-1 (the maximum value possible) and our 
results can be regarded as extending known theorems on ideals of the 
principal class. For polynomial rings, these extensions are due to 
Macaulay {see (3) § 53, 93]. The proofs given here follow the original 
arguments of Macaulay very closely, for we have reached a point where 
the changes involved in working with semi-regular rather than poly- 
nomial rings are comparatively minor. 
To simplify the statement of Theorem 10, we put 


Ay, ys, a). 
a. Ge i = ee 
-! -2 —m 


a a ° ° a 


ms, mS2 MS 


Naturally, if any two of 8), 8,,..., 8,, are equal, then A,, . = 0; while, 
if they are all different and we subject them to a permutation, then the 
effect is to multiply A,,,... by +1 or —1 according as the permutation 
is even or odd. This will be expressed by saying that A,, .. is an 
alternating function of its suffixes, and the same expression will be used 
for other algebraic entities which exhibit a similar behaviour in regard 
to their suffixes. 
THEOREM 10. Let R be a semi-regular ring and 


A129 Ap 


ia 2 « ae ; 
23 &p (m < p) 
Any a a 


m2 mp/ 


a proper ideal of rank p—m-+-1. Suppose further that (with the above 
netaion) a en See (I) 


8189-..Sm_ ~*8182.--S8m 


where the L <8, << & <..< 8,, < p) are elements of R. Then 


8,8 ay Cow Ty, 
1S2---Sm 


8182 81 89...Sm8 8 5q...8m_8 ~ ms” 


Rv. (2 < (m) 
L 4+ > D® Qy,+...4 po a 
Sm Sm & — -_ 
s=]} 1 


8=— 


(J) 


where, for 1 : <m, Do... belongs to R and is an alternating function 
of its suffiae 8. 

Remark. The converse of the theorem holds ivr relatively trivial 
reasons. In other words, if elements D{’,,.., (1 < t < m) are alter- 
nating functions of their suffixes and L,,. ., is defined by (J), then (I) 

+ We mean, of course, the rank of a as an ideal and not the rank of the under- 


lying matrix. 


3695 .2.11 H 
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will be true. This follows from the fact that a determinant is zero when 
it has two identical rows. 


THeonem 11, Let R be a semi-regular ring and 


ayy 2 + + Gy 


Mo) P ° ° Ae, 


(m Pp) 


a a 


f 
mi , s mp! 


a proper ideal of rank p 1. Then a ta semi-regular. 
pro] / 


Combined proofs of Theorems 10 and V1. Following Macaulay we shall 
prove Theorems 10 and U1 simultaneously using an inductive argument, 
Observe first that, when m 1, they reduce to Theorems 8 and 6 
respectively. Accordingly we shall suppose that m 2 and that both 
theorems have been established for ideals derived from matrices with 
a smaller number of rows, Next we observe that, when p m, both 


theorems are obvious. Accordingly we shall also suppose that p —- m 


and that the theorems are known to hold for every ideal defined by 


anm <h matrix, provided that m — h <— p. The inductive step consists 
in extending the two theorems to the case of m © p matrices, 

The inductive step (Theorem 10). We now deduce Theorem 10 for 
an ideal a defined by an m ~ p matrix, but, as preparation, we require 
a number of observations of a rather general character. Observe, to 


begin with, that, if 


m, 1 <. P) 


where the determinant ¢,, is a unit of the ring then 


“iy Z Oip 


My) 22 » ly, 


’ ’ , 


Ans = > @ / a 


mp mi 


is «sine 
Moreover, if we can establish Theorem 10 for the former, then it will 
follow for the latter. In particular, we may, if we wish, transform the 
given matrix by any number of operations which involve adding a 
multiple (by an element of 2) of one column to a different one 


Again, suppose that we put 


Yi Vin Viaj 
pol 


where the a,, are indeterminates, and [see § 3] pass to the ring 
P= RK, ). Then, since the determinant 4, is a unit in ?, it follows 
readily from the above remarks that it will suffice to prove Theorem 10 
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for the P-ideal determined by the matrix . This ideal is also of 


rank p—m-+1. Furthermore, since p — m, 


‘Lp 1 \ 


‘2p-1 


m1 “m2 ° ° Ynp/ 


has rank p—m by the Corollary to Lemma 3. 

Next observe that, if the R-ideal generated by a,,, @)9..... 4), 18 the 
whole of R, then each of a4,, a4y..... 4%, is a unit of P. In this special 
situation, the matrix |/«,|| can be transformed, by elementary column 
operations, to one of the form 


0 
‘23 
“ml Yin2 ‘na ° ° Ynp 
However, for such a case, the required result follows by applying 
Theorem 10 to the (m—— 1)» (p— 1) matrix one obtains by striking out 
the first row and column, Accordingly, we may suppose that a,,, ayy, 
yvenerate a proper P-ideal, and then 


ay, 


isa proper P-ideal. The rank of this ideal is pom | 1 by virtue of the 
corollary to Lemma 3. 

Recapitulation, We can sum up the above remarks as follows, When 
establishing the inductive step for Theorem 10, we are free to assume 
(in addition to what is given) that 

Gy, Mg © + UM p-s 


As) | 


a, 


has rank p om and 


has rank p—m-|-1. However, one further preparatory step is necessary 
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which is to arrange that 


This can be achieved by adding to the rth (1 < r < m—1) column, of 
the matrix defining a, a linear combination of the (r+-1)th, (r+ 

(p—1)th columns, the coefficients being indeterminates which are ad 
joined to R but without introducing new denominators. This modifies 
the matrices associated with a, and aj as well (but without destroying 
the properties already secured for them), and it will still suffice to 
prove Theorem 10 for the new a-matrix. Further, the additional 
requirement 4): Ajo (np = 18 now satisfied. For otherwise there 
would be a prime ideal p, belonging to the extension of a,, containing 
the new Aj, (,,-y,- The rank of p would be p—m (inductive hypothesis 
for Theorem 11) and p itself would be the extension of a prime R-ideal. 


Accordingly, all original determinants 


ip (8, , coe * Sm-1 “ P) 
would be contained in p, and so we should have a < p. This, however, 
contradicts the hypothesis concerning the rank of a. 
After these general considerations we come to the computational 
aspects of Macaulay's argument. Put 
Gy Uo + + A m-1 


P=(—iprid, d .. € 


a a 


‘ . ° ( 
mi m2 Lin mod 


where the symbol ~ over the elements of the rth row indicate that that 


particular row is to be omitted. If now s, < 8 <... < 8,,, then 


m? 
) - J 
as Aj, 


a,,, P,+e,, Pe+...+a 
; an, 42 


m3; 

whence, eliminating 2, P,,..., P,,,, we have 
) 
Pen A 


where 


Multiplying the relation 
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by P,, and using the above expression, we get 


> $189...8 he 1)" +B, 4,0 A12 Am 1s,) 0, 
* 1 


and, if we pick out the coefficient of Aj» (,-»p, We find that 


0 (mod a,). 


> A tity tm Aut, lm? 


mm 
ty <tq<...<tn<p 


where the A,, , are elements of R. Furthermore 


1)" 'a B,, i on 


ml, ” 


p-1 
+ 
cota 2 & 


Sm 1~ p s=1 


t 
84...8m— 38 Lins)» 


where A... is to be evaluated by extending the definition of 
A, y,.4, 80 a8 to make it an alternating function of its suffixes. Now the 
B. ..«, , are the (m—1)-rowed minors of the matrix associated with aj; 
consequently we can apply Theorem 10 (by virtue of the inductive 


hypothesis) to obtain 


tf 
1.-Sm m sm Sm 48 mas? 


g=1 8 


rt re , 
(1) (m ) 
—_ A; 19 @ 15 ae =, AY ad 1 a 


p--5 
tS Am, 
8-1 


where 8, < & <... <8,, <p, each of Af, Aw , is an 


o ‘ m 1 
alternating function of its suffixes, and 
(m) 
A? A, 
Let us now use the above expression for L, .. ,, to calculate 
y 
—- 
Sm1*.p 


Sm 18 j++-Sm — 98 


t,, < p, then the term involving multiples of Aj? is 


m 


_ ty. 


m 
(q) ‘ 4 
A, fp. aD AY tm > (-—1)" "Ao, A, i, 
rel 


ay, Ay, 
(q) 
Am. | = : . 


a a 


ml; ml, 


aa, a 


‘q) 
AY. ton 


as 


4m ap? 


Any, 


a 
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so that 


(m) 
1 


tts bm © = 5 


But 


and consequently we have 


F \ (1) | n (m) 
Ait, ton etaty tn Ae tm Ap 1 ++ Ain. tn @mp) 0, 


<ta<p 


and therefore, by the inductive hypothesis (applying Theorem 10 to a,), 


aq (m) 
Lit, | A; ts tm “1p coe T AY, tm emp 


pl pi 
7 1) 4 | vy Dim) 
fo Pie tims 18 sachs = f tyt...Ln8 Ams» 


8 


where tf, < t, <<... <t,, < pandthe P/? ,, have the usual alternating 


” 
properties. Finally, if we set 


Oe, A@ . (8, < 


Sim 3 8q...5m 


q) diq) 
Dini. Smt I $83 


(8, < 8 < 


++ Semin 1 
and extend by making the elements ) alternating functions of their 


suffixes, then 


p 


1) j 7 m) 
818q...8m8 18 — _ DS. ms ms 


8 


. This completes the inductive step 


in the case of Theorem 10. 
The inductive step (Theorem 11). It remains for us to derive Theorem 


whenever 8, < 8% - <8, <p. 


11 for ideals defined by mp matrices and for this (by Theorem 1) 
we need consider only the case in which R is a semi-regular local ring. 
Accordingly, it will be assumed that R has a single maximal ideal m 
and that the dimension of R, as a local ring, is d. 

With the previous notation, put k = ranka, so that k = p—m-+1. 
Then k <d, and it will suffice to show that there exist non-units 


Ye.» Ya-~ Such that 
(A, V4+ Varerss Yi-1)° Yi (, Ys Vere Vi-1) 
1, 2,...,d—k. These elements will be constructed in succession, 


and it will be convenient to make them satisfy the additional require- 


ment that 


(15 Yareees Yi-w) Ve = (Ye Yar Vea) (I< 
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Suppose now that 0 <q <d—k and that y,, ys,..., yg have been 
constructed in accordance with the above specifications. Using Theorem 
5 and known properties of semi-regular local rings | (7) 372 Theorem 2.3] 
we see that (a,7,,72,.--,y,) has rank k+q and dimension d—k—q. 


Choose a non-unit y not contained in any minimal prime ideal of 


7q+1° 
(Q, 74, Yes-++s Yq), Such that 


/ 


(Yas Yer Yq)? ¥. 
We contend that 


(8, Vas Vanes Yq)? Vq+1 (Q, ¥4. Yar-+s Yq): 
To establish this, suppose that 4 3 Yq) then |cf. Macaulay 
(3) 57] 
+U,y¥,+.--4 ; (K) 
where the L,.. ., and wy, Ug,..., u, all belong to R. 

Now pass to R (y,,7¥2,--;¥gi1), Which, it should be noted, is a semi- 
regular local ring of dimension d—q—1, and use an asterisk to indicate 
the effect of applying the natural mapping R > R (7, y2,---; ¥gs1)- This 
it S Aba aL on = 0. 

81<89<...< 8m 
But a* has dimension d —k—gq—|1 and therefore rank a* = k = p—m+1; 
consequently we are in a position to apply Theorem 10 to a* regarded 
as an ideal defined by an m x p matrix. Accordingly 


8) 382...3m8 ~ ms" 


Pp. J 
Ls, S pu ats .t F Dime at 
15 2++-5on _ 51 82.--Smn% 8 4 


s=1 


where Di. belongs to R and is an alternating function of its 


mS 


suftixes. Thus 


p. p. 
L > D®) _.@,+..+ > Di «4 
m nny Sm? ad 9 


8) 82...8 8483...4 8) 8q...2m8 "ms 


x 8 


modulo (y;, ¥2.--.;¥g.1)- Hence, by substituting in (K), we get 
Yqui% (mod(y;, y2,.--, ¥g)) 
where aca. But 
(V1 Yar-++9 Yq)? Vaan = (Va Vere» Yq) 
Hence (x—«a) € (y,, ¥2,---,¥g) and therefore x € (a, 71, 72:---; Yq). This 
shows that (Q, 4 Yas-++s Ye)? Ves (Q, ¥45 Yas--e Yq) 
Yi Ye q)*Yq+i Yi» Ye q 
and proves that it is always possible to continue the sequence y,, y¢,... 
until the full set of d—k terms has been obtained. 
The demonstration of Theorems 10 and 11 is now complete. 
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UNIVERSAL SPACES FOR SOME 
METRIZABLE UNIFORMITIES 
A. H. STONE (Manchester) 
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1. Introduction 

A uniformity on a space R is here regarded, following Tukey (10), as 
a suitable family of ‘uniform’ coverings of R (‘large’ coverings in the 
notation of (10)). It is well known that, if a metrizable uniformity on 
R has a basis of finite coverings, then R is separable and the metric p 
is totally bounded, and conversely; equivalently, the uniformity (R, p) 
is uniformly imbeddable in the Hilbert cube.t Again, if a metrizable 
uniformity on & has a basis of countable coverings, then R is separable, 
and conversely (the metric can here be arbitrary); equivalently, the 
uniformity is uniformly imbeddable in the Banach space of continuous 
functions on the unit interval.t These examples suggest that other 
metrizable uniformities, definable in terms of simple kinds of coverings, 
may also be characterized by their (uniform) imbeddability in ‘uni- 
versal’ spaces of the same kind. I shall here prove some results of this 
type. There may well be others, which should be of interest since 
relatively little is known about uniform (as opposed to topological) 
imbedding. 


2. Notation 

The uniformities and metrics on a space R are to agree with the 
topology of R, and the metrics p for a metrizable uniform space are to 
agree with the uniformity. We use the notation (R#, p) both for a metric 
space and for the corresponding uniformity, but often omit the p when 
the uniformity intended is clear. It is understood that a product of 
(finitely many or &,) metric spaces is to be given a metric agreeing with 
the product uniformity, i.e. either the usual product metric [e.g. as in 
(5) 105-6], or one uniformly equivalent to it. A subspace X of a metric 
space ()',c) is understood to inherit the metric a. 


All coverings considered are to be open. A covering W is star-finite, 


+ By a uniform imbedding of a uniform space X in a uniform space Y, we 
mean a 1-1 mapping f of X in Y such that both f and f~! are uniformly con- 
tinuous: that is, f is a uniform equivalence. 


¢ See (2) 187; the imbedding can in fact be made isometric. 


Quart. J. Math. Oxford (2), 11 (1960), 105-15. 
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or star-bounded, or star-countable if each U in W meets only a finite, or 
bounded, or countable, number of sets of W respectively. An ‘e-cover- 
ing’ of (R,p) is one by sets of diameters less than «. The ‘e-sphere’ 
S(z,e) is fy | ye R, p(x, y) < €}. 

We use H for the Hilbert cube, 2” and E* for the products of m 
and &, copies of the real line £' (with usual metric), and C for the 
Banach space of continuous real-valued functions on the unit interval 
(normed by | f max f(t) ). Finally, B denotes a ‘generalized Baire 
space’ in the sense of Morita |(6) 361]; that is, B is the product of &, 
infinite discrete spaces D,, D,,..., where the distance between distinct 
points of each D, is 1. A convenient metric for B (uniformly equivalent 
to the product metric) is given by p(\z,}, {y,}) = l/n when az, = y, 

Ey -1 = Yn, LT, ~ Y,- For our purposes nothing is lost by requiring 
the sets D, all to have the same cardinal. 

In what follows, all complexes are supposed to be realized geo- 
metrically as metric spaces, the metric being the Hilbert space metric 


on the barycentric coordinates. 


3. N-spaces 

We say that a metric space (R,p) (or, more accurately, the corre- 
sponding metrizable uniformity on R) is an ‘N-space’ if it has the 
property that every covering of R is uniform. J. Nagata (7) has shown 
that it suffices to require that every finite covering is uniform, and that 
the V-spaces are precisely those for which the topology satisfies 
[3.1] The set R’ of limit points of R is compact, 
and for which the metric satisfies 
[3.2] To each € > 0 corresponds & > 0 such that, if 0 < p(x, y) < 8, then 

p(x, R’) < « and p(y, R’) < «.t 


An alternative proof is furnished by (1) [in view of (9) 124, Theorem X], 
where further characterizations are given. It is easily deduced from 


[3.1] and [3.2] that every covering of R has a star-bounded refinement, 
so that an V-space can also be characterized as a metrizable uniformity 
having the family of all star-bounded coverings (or any larger family of 
coverings) as a basis. 
THEOREM |. For each infinite cardinal number m, there exists a metric 
space (H*,a*) such that (a) H* and all its closed subspaces are N-spaces 
+ As is shown in (7) [3.1] is the only condition on the topology of R. In fact, 


every metrizable space R with R’ ~ o has a metric satisfying [3.2] in the stronger 


form pix.y) > p(x, R’)+ply,R’) (ifx ~ y). 
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and have dense subsets of cardinal < m, (b) conversely, every N-space 
with a dense subset of cardinal < m is uniformly imbeddable as a closed 
subspace of H*. 

Proof. Let A be a dense subset of (Hc), the Hilbert cube with its 
usual metric. For each a in A and each positive integer n, take a set 
E(a,n) of m points; all the sets E(a,n) are to be disjoint from each 
other and from H. Let 


H* = HUUfE(a,n) ae A(n 


and define o* as follows. If y,, y. © H, 
O*(Y1,Y2) = O(Y1. Yo). 
If y, € E(a.n) and y, € H, 
o*(Y).Y2) = o(a,y,)+1)n. 


If y, © E(a,n) and y, € E(b,m) (where y, + y, but m, n or a, b may 


coincide) o*(Y,,Y2) = o(a,b)+1/n+1/m. 


It is easily verified that o* is a metric on H*, reducing to o on H. 
Further, (//*)' = H and is compact, and condition [3.2] is also satisfied, 
and so (H*,o*) is an N-space; and the set UF(a,n) is dense and of 
cardinal m. It follows (since every covering is uniform) that every 
closed subspace of H* (with metric o*) has the properties stated in (a) 
of the theorem. 

Conversely, let (R,p) be an N-space with a dense set B of cardinal 

m. By [3.1], R’ is compact, and there is a homeomorphism f of R’ 
in H; further, R—R’ c B and so has < m points. We extend f to a 
mapping f* of R in H* as follows. If R’ = o, f* is simply an arbitrary 
(1-1) mapping of R in any one E(a,n). Suppose, then, that R’ + @, 
and let « «© R—R’ be given. Choose z = 2(r) € R’, so that p(x, z) has its 
least value p(x, R’), and take n = n(x) to be the smallest positive integer 
for which I/n < p(x, 2(x)). Picka a(x) € A, so that ofa, f(z)) < 1/n(x). 
There is a (1-1) mapping ¢,,, of R—R’ onto a subset of E(a,n). 
Define 


I *(x) = batzi.niel*) 

for x in R— R’, and f*(x) = f(x) 

for x in R’. Clearly f* is (1-1), and f*(R) is closed in H*; and it is 
easy to check that f* and (f*)-! are continuous. Since the homeo- 
morphism f* takes the uniformity of R (of all coverings) into that of 
f*(R), f* is a uniform equivalence (as is also easily seen directly). 


Remark. The case m = &, of this theorem gives the existence of a 
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‘universal’ space for the metrizable uniformities (R,p) which have the 
family of all countable coverings of R as a basis. For these are simply 
the separable V-spaces. A similar remark applies to general m. There 
is also a similar (but simpler) universal-space theorem for the metrizable 
uniformities (R,p) for which the family of all finite coverings of R is 
a basis. For any such (R,p) must be compact (as follows easily from 
the fact that it must be an N-space), and so imbeddable (uniformly) 
as a closed subspace in H (and conversely). 


4. Euclidean uniformities 
We say that a metrizable uniformity (R,p) is ‘Euclidean’ if it has a 


hasis of ‘Euclidean coverings’ in the sense of J. R. Isbell [(4) 70]: here 
S 


a Euclidean covering W of R is one for which the (metric) nerve N of 
#@ is uniformly imbeddable in some Euclidean space £” (m depending 
on %). The following theorem is essentially a reformulation of part of 
((4) 1.7] in a special case. 

THEOREM 2. A metrizable uniformity is Euclidean if and only if it 
can be uniformly imbedded in E*. 

We first observe that every Euclidean covering W of (R,p) has a 
refinement of the fort . ’ 

aa y =f-4w), (1) 


where ¥ is a uniform covering of some Euclidean space £”, and / is 
a uniformly continuous mapping of Rin BE”. 

For, as shown in (4), since @ is finite-dimensional, there is a uniformly 
continuous mapping f of R in the nerve N of 7, where we may assume 
that Nc E™: and a suitable ¥ is easily found. Conversely, every 
covering of the form (1) has a Euclidean refinement, obtained by apply- 
ing f -! to the covering by (open) stars of vertices in a suitable simplicial 
subdivision of E”. If now (R,p) is Euclidean, there is for each n 
(n 1,2,...) a uniform (1/n)-covering ¥,, = f,1(¥%,,), as in (1), where 
#, is a uniform covering of E™”, Let f be the product mapping 

f(z) = {f,(x), fe(x),.--} 
of R in Tj {2 |» = 1, 2....}; 
it is easily seen that f is a uniform equivalence between R and f(#), 
and, since ‘ ; ‘ , a 
[J] £™™ = T] (f'x &x...x ) = E”, 
this gives the desired imbedding. Conversely, E® (or any subspace of 
it) has a basis of uniform coverings of the form (1), and so is Euclidean. 


A similar argument applies to the (not necessarily metrizable) uni- 
formities on a space R which have a sub-basis of coverings of the form 
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(1), but with the Euclidean spaces E” replaced by an arbitrary family 
of uniform spaces Fy). Such uniformities are characterized as being 
uniformly imbeddable in [], (£,)". m being the least cardinal of a 
basis for the uniformity on R. The metrizable uniformities on R corre- 


spond tom: X,. 


5. M-spaces 
We say that a metrizable uniformity (2, p) is (a) an M,-space, (6) an 
M,-space, or (c) an M,-space, if its uniformity has a basis of (a) star- 


bounded, (4) star-finite, (c) star-countable coverings, respectively. The 
following theorem shows the existence of ‘universal’ .V/,-spaces. 

THEOREM 3. For each infinite cardinal number m there is a metric 
space (C' B. +), of which every subspace is an M,-space with a dense sub- 
set of <— m points, such that every M,-space with a dense subset of <m 
prints is uniformly imbeddable in (Cx B,7). 

We take B to be the generalized Baire space [[ )),, where each dis- 
crete space 2), has cardinal m; C is the Banach space described in § 2, 
and 7 is the usual product metric. Since C is separable, Cx B has a 
dense subset of m points. Further, for each « > 0, we obtain a star- 
countable uniform e-covering of C x B as follows. Take a countable 
}e-covering {U.} (k = 1,2,...) of C; let V. be the de-neighbourhood of 
(., so that {l,} is a uniform countable }e-covering of C. Take n suffi- 
ciently large; the sets 

W(k,d,,...,.d,) = {(x,y) |\reV.. ye B,y; = d; fori < n} 
(where & = 1,2,..., and d, € D.) form a uniform star-countable e-cover- 
ing of C= B. Thus every subspace of Cx B is also an M,-space with 
a dense subset of < m points. 

For the converse, we need two lemmas. The first is due to S. Ginsburg 
and J. R. Isbell; see (3) for the proof. 


Lemma 1. Jf ¥ isa countable covering (of any space), and the covering 
WU isa star-star refinement of ¥ in the sense of (10), then there is a count- 
able covering W~, refined by W and star-refining ¥-. 

LemMA 2. A connected linear graph G in which each vertex belongs to 
at most &, edges has at most &, vertices. 

For, if v is a fixed vertex of G, induction shows that at most &, 
vertices of G can be joined to v by a path of not more than n steps 


(n ee ae 
Now suppose that (R,p) is an M,-space, with a dense subset of < m 
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points. We construct recursively a sequence of uniform star-countable 
coverings W%,, (n = 1, 2,...) of R, with the properties: (i) W,, is refined by 
the covering by all «,-spheres {S(x, e,,)} for some ¢, > 0, where we may 
suppose €, > €, > ..., (ii)each U € W, has diameter < min(n-!, }e,,_,) if 
n> 1. To start the induction, W, is any uniform star-countable cover- 
ing by sets of diameter less than 1. From (ii), the covering Wf (consist- 
ing of the stars St(l’, %,) where U € W,) is a star-refinement of W,_,. 
Consider the components N,,, of the nerve N, of W,,; applying Lemma 2 
to their I-skeletons we see that the sets of WY, which correspond to 
vertices in V, form a countable subcollection @,,, of W,,. Write 


R U (U|\Ue &,,}: 


“na 
thus, for fixed n, the sets R,, are open and cover R, and every two 
have distance not less than e,,. 


Fixing n and «x for the present, we write 


¥(n,«,0) = & 


na’ 

a countable covering of R,,,, and apply Lemma | to ¥ (n,«,0) and the 
restriction WY, ., R,,,, (consisting of those sets of W@,,., which meet, and 
so are contained in, R,,,). We obtain a countable covering ¥ (n, «, 1) 
of R,,, which star-refines ¥ (n, «, 0) and is refined by 7, ,,|R,,,. Repeat- 
ing the argument, we obtain countable coverings ¥ (n, «,k) (k = 1, 2,...) 


of R,,, such that ¥ (n,a,k) star-refines ¥"(n,«,k—1) and is refined by 
U,., R,. The normal sequence ¥(n,«,k) (k = 0,1,...) determines a 
pseudometric p,, on R,, [see (10)] such that, for x, y in R,, and 


na na 


we have 
2-*-2 => x, y are in the same set of ¥ (n, a, k) 
> Paalty) <2. (2) 


By identifying points of R,,, at zero p,,,-distance, we obtain a metric 
space (R*,.p,,) Which is separable (for, if we choose one point in each 
non-empty set of each ¥(n,«,k), we get a countable dense set). Hence 
|(2) 187] (R%,.p,,,) is imbeddable isometrically in the space C. Thus, by 


identification and isometry, we obtain a continuous mapping 
Susi Man >C. 
Now let x and n vary, and, for each z in R and n = 1, : let «,, (2) 
We take for each n a copy C,, of C, and let 
D,, denote the set of indices a, which clearly has cardinal < m. Let 


K - I1¢,: B = Il D, 


be the «a for which x€ R,,. , 
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(with the metric introduced in § 2); we define a mapping f of R in 
K x B by the rule: f(x) = (k(x), b(x)), 


where 
K(x) = {froiol®)}}ET] OC, = K, (x) = {a,(z)} eT] D, = B. 


We verify that f provides a uniform imbedding of R. 
Suppose that x, ye R and p(x,y) < ¢, for some n. Then z, y are in 
the same set of W, for each i < n; thus 


x1,(7) = a(y) =a; say, 


for i = 1, 2,..., n, and so b(x) and b(y) have distance less than n-! in B. 
n+1-i Aj, and so in the same 
set of ¥(i,a,n—i), for i <n; hence, by (2), p,.(z,y) < 2'*1-". The 
isometric property of f;,, now shows that k(x), k(y) have distance less 
than 2-"in A Thus f is uniformly continuous. 

Conversely, suppose that x, ye R and p(x,y) > n-. Then z, y are 
not in the same set of Y,. Either «,(x7) ~ «,(y), in which case 6(z), 
b(y) have distance not less than n-!, or 


Again, x and y are in the same set of Y _ 


x,, (2) x, (y) =a, say, 
but x, y are not in the same set of W,, = ¥ (n,«,0), and (2) gives 


»-n-2 


Pr (7, Y) 7 


Thus k(x), k(y) have distance > 2-2"-? in K. This shows both that f 
is (1-1) and that f~' is uniformly continuous. 

Finally, the separable metric space K can be isometrically imbedded 
in C, and we can adjoin superfluous elements to each D), to make its 
cardinal exactly m, thus obtaining the imbedding of (2, p) asserted in 
the theorem. 

The analogous theorem for M;-spaces, ‘there is a universal separable 


M,-space’, would be false. For, if X were such a space, we could construct 
an infinite tree R of unit segments, which (roughly speaking) ramifies 
faster than any of the components of the nerves of a sequence of 


countable star-finite coverings forming a uniform basis for X, and could 
deduce that R could not be uniformly imbedded in X; I omit the 
details. We shall see below (Theorem 4’) that, at least when m > c, 
the analogue of Theorem 3 for M,-spaces is true; it would be interesting 
to know if it is valid without this restriction, or if there is a similar 
result for M,spaces. First, we derive the following result, which is 
weaker in general but applies to separable spaces too. 
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THeorem 4. For each infinite cardinal m, there is an M,-space, with a 
dense set of cardinal m, in which every M,-space with a dense set of cardinal 

m can be uniformly imbedded. 

The proof requires the following lemma: 

LemMA 3. For each positive integer m, there is a star-finite countable 
metric complex K,,, of which every connected star-bounded complex of bound 


m 18 a subcomplex.t 


We shall realize K,, in Hilbert space, with its vertices at the unit 
points. Enumerating these unit points, we let V, consist of the first of 
them, V, consist of the next m, V, of the next m?, and so on; \, will 
consist of m* points. We join (by 1-cells) every member of }j, to every 
other member of },, and to every member of J, , (k = 1, 2,...), producing 
a star-finite linear graph G,,. For every finite set of vertices W of G 


m* m? 


every two of which are joined, we adjoin the cell spanned by W. This 
produces the complex K,,. If L is any connected complex in which each 
vertex is joined to at most m others, we pick a vertex /, of L and map 
it onto the vertex in }}. The vertices of L to which /, is joined can be 
mapped in a (1-1) way in V; the vertices of L joined to these and not 
yet dealt with are mapped in J}, and so on. This imbeds the 0-skeleton 
of Lin K,, simplicially, and by linear extension we obtain an imbedding 
(preserving barycentric coordinates) of L in K,,. 

Proof of Theorem 4. We replace the metric p,,, on the complex K,,, 
of Lemma 3, by min(p,,, 1), and let P denote the discrete union of the 
spaces A,,(m = 1,2,...), taking the distance between points of distinct 
sets K,, to be 1. Let Q be the product of countably many copies P, of 
P (n = 1,2,...), and let B be the generalized Baire space [] D,, where 
D, is a discrete set of cardinal m. Then Q x B has a dense set of cardinal 


m and is an M,-space because each factor P, or D, is an M,-space. 
Given any M,-space (R, p), take a basis of uniform star-bounded cover- 
ings @,, (n 1, 2,...) of R; we may suppose %, to be a normal sequence. 
As in the proof of Theorem 3, let V,,, be the components of the nerve 
N,, of @,,: they correspond to a partitioning of R into disjoint open sets 


n 


R,,,. From Lemma 3, each N,, 
as distances less than | are concerned) in P, so that the uniformly 
continuous canonical mapping of R in N, [ef. (4) 69] gives rise to a 
uniformly continuous mapping f,,: R > P,. Write 

q(x) = {f,(~peQ, (x) = {a,(x)} Ee B, 


+ By a ‘star-bounded complex of bound m’ we mean a complex in which each 


‘an be imbedded isometrically (so far 


vertex belongs to at most m 1-cells. 
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where «,,(2) is defined as in the proof of Theorem 3. Let 
f(x) = (q(x), b(2x)); 
then f is the desired uniform imbedding of (R, p) in Q@ x B. 

THEOREM 4’. For each cardinal m > c, there is an M,-space with a 
dense set of cardinal m, in which every M,-space with a dense set of cardinal 

m can be uniformly imbedded. 

The proof is similar to that of Theorem 4; we modify the definition 
of P and Q as follows. Consider the connected star-bounded complexes 
A(m) of fixed bound m (i.e. each vertex is incident with at most m 
edges); there are at most c of them since (from Lemma 2) each has at 
most &, vertices. As in Theorem 4 we form the discrete union P,, of 
all the spaces A,(m), for each m (m 1,2,...), taking the distance 
between « and y in P, to be the same as in A,(m) if they are both in 
K,(m) and have distance less than | there, and to be | otherwise. Let 


Q= I] F.. B = [7 D,, 
where 1), is discrete and of cardinal m. Then Q» B is the universal 
M,-space required, The only point in the proof which now requires care 
is that f ' is uniformly continuous, where f is the obvious imbedding 
map; it is at this point that the similar argument applied to .W,-spaces 
would break down. 

Though the uniform properties of .V, and M, spaces present difficulties, 
their topological properties are easily described. We call a topological 
space R an M-space if 
[5.1] Ris homeomorphic to a subspace of a metrizable S-space.t 

It has been shown by K. Morita |(6) 361; see also (8) 169] that [5.1] 


is equivalent to each of: 


[5.2] Ris homeomorphic to a subspace of the product H x B of the Hilbert 


cube with some generalized Baire space, 


[5.3] Ris regular and has a basis of open sets consisting of the members 
of a sequence of star-finite (or star-countable) coverings of R.t 

Other characterizations of .V-spaces are easily deduced: for example, 
that R is to have a metric for which its completion is an S-space. 

t An S-space is one in which every covering has a star-finite refinement. 
A subspace of a metrizable S-space need not be an S-space [(8) 169}. 

t Since Morita’s proofs have not been published, I remark that the implica- 
tion [5.3] —» [5.2] can be proved by an argument similar to that proving Theorem 
4 (the metrizability of R follows from the Nagata-Smirnov theorem); the other 
impheations are straightforward. 


3695 2.11 
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THEOREM 5. A necessary and sufficient condition that a space R admits 
an M,, or M,, or M, uniformity, is that R is an M-space 


If R admits an M, uniformity, Theorem 3 shows that 2 satisties | 5.2}, 
and so is an M-space. On the other hand, in its usual metric, 1/ « B 
is an M,-space (by an argument similar to the first part of the proof 
of Theorem 3), so that [5.2] shows that every .W-space admits an 
M,-uniformity, which automatically makes it also an WV, and JM, space. 


CoRoOLLARY. R is an M-space if and only if it has a metric in which 
every uniform covering has a star-bounded (or star fin ite, or star-countable) 


refinement, 


For, if R has a metric p in which every uniform covering has a star- 
countable refinement (not necessarily uniform), then by constructing 
a suitable normal sequence of star-countable coverings of R, we obtain 
(in a standard way) a metric p’ (finer than p) such that (A, p’) is an 
M.-space. Hence & is an M-space, and admits an V/,-uniformity. 

Remark. The equivalence, in this corollary, of the alternatives ‘star 
finite’ and ‘star-countable’ is obvious directly for, by combining 
Lemma 2 with a theorem of Morita, we see that every star-countable 
covering of a metric (or even countably paracompact normal) space has 
a star-finite refinement. But in general it need not have a star-bounded 
refinement, 

Similarly, the third possibility ‘star-bounded’ can be introduced into 


[5.3] without changing its meaning; but this is obvious directly since 


(from Lemma 2) we may replace each star-countable covering in [5.3] 


by a sequence of star-bounded ones without spoiling the basis property. 


6. Further problems 

It is natural to ask if there are universal spaces for those .V,-spaces 
of uniform density <— d, for tixed d.+ In the simplest cases, d — 0, 1, 
an affirmative answer follows easily. | do not know the answer for 
larger values of d. Similar questions also arise in connexion with 
dimension. 

A different type of space for which the existence of universal spaces 
would be of interest is that of the metrizable uniformities with a basis 
of locally finite uniform coverings. It is easy to see (by constructing 
a suitable normal sequence of locally finite coverings) that every 

+ Here a uniform space is said to have ‘uniform density dif it has a basis 


of uniform coverings #@, such that each U' in #, meets at most d other sets of #, 
Clearly, if R has uniform density 1, it has uniform density 0, 
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metrizable space (R,p) has a metric p’ such that (R,p’) has a basis of 
locally finite (uniform) coverings. The particular interest of this type 
of space is that it seems possible (though unlikely) that every metric 
on R might be a suitable p’. In fact, it seems to be unknown whether 
or not, for an arbitrary uniform space, every uniform covering has a 


uniform locally finite refinement. 
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THE NON-SYMMETRIC PUNCH PROBLEM IN 
LAYERED MEDIA BY THE WIENER-HOPF 
METHOD 


By G. PARIA (Kharagpur) 


| Received 19 November 1958} 


Summary 

Tue deformation in an elastic layer resting upon a smooth, rigid base 
due to non-symmetric punch has been investigated by the method of 
Wiener-Hopf for the solution of non-homogeneous integral equations. 
The stresses under the punch as well as the deformation on the free 


surface have been computed for a prescribed form of the punch. 


1. Introduction 

The determination of stresses and deformation in layered media has 
been the subject of investigation by Burmister (2, 3), Acum and Fox 
(1), Paria (9), and others for its application in soil mechanics, foundation 
and highway engineering, and geophysics. Usually either the stresses 
or the deformations are prescribed on the bounding surfaces; a mixed 
condition of both may be prescribed leading to the punch or crack 
problems. When the forces and deformations are axially symmetric, 
the punch problem reduces to the solution of dual integral equations 
{Sneddon (12)]. The situation is more complex for non-symmetric 
boundary conditions. The theory of sectionally holomorphic functions 
and Hilbert’s linear relationship can then be applied. Though this 
method is quite general, its application is not easy unless the boundaries 
are such that they can be transformed to a half-plane or a unit 
circle by simple mapping functions {Muskhelishvili (8), Paria (10)}. 
Wiener-Hopf technique with its own difficulties is another powerful 


method specially suited for those boundaries where integral transforms 
such as those of Fourier, Mellin, and Hankel, can be applied. This 
technique has been used quite successfully in electromagnetic theory, 


diffraction problems, acoustic waves, and water waves. Extensive 
references to these can be found in a paper by Heins (5). Carrier and 
Munk (4) have treated a problem of diffusion of tides by this method. 
Applications to elastic problems are, however, few. Only the work of 
Koiter (6, 7) and Paria (11) need be mentioned in this connexion. In 


Quart. J. Math. Oxford (2), 11 (1960), 116-23. 
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the present paper deformation in an elastic layer resting on a smooth 
rigid base has been considered by the Wiener-Hopf method when a 
non-symmetric punch is applied on a part of the boundary, the remain- 
ing part being kept free. Forces required to hold the punch as well as 
resulting deformation on the free part of the boundary have been 


determined. 


2. Statement of the problem 

We consider the plain strain distribution in a layer of elastic material 
resting on a smooth rigid base. The bounding surfaces of the layer are 
given by y — 0 and y = b, the positive direction of the axis of y being 
taken vertically downwards. The vertical component of the displace- 
ment is prescribed on y = 0, 0 < x < & by pressing a smooth rigid 
block against the medium so that no shearing stresses are produced 
under it, though the horizontal components of displacement are not 
prevented thereby. The part y = 0, —x < x < 0 is assumed to be 
stress-free. On the lower surface of the layer both the vertical com- 
ponent of displacement as well as the shearing forces vanish. It is 
therefore required to find the solution of the equation 


9\92 


Viy —0, where V} (4 va) ° 


9 
cy” 


for the stress function y with the boundary conditions 


cx 0 


CLOY 


on ¥ 0 and y b ( 


cy (—m,(x) ony=0 (O<2r< @), 
cx 0 ony=0 (—« Ss <= G. 
v—- 0 ony=b (—2s r< o), 

where m.(xr) is an unknown function to be determined from the condi- 
tion that the y-component of displacement v(x, y) has the value 

vr(x,0) = d(x) ony=0 (O<—r< x), (5) 
the function ¢,(x) being prescribed. Also the function y with all its 
derivatives must vanish at a great distance. Let 

n(z,90) = d(x) ony=O0 (—-H<xr< 0). (6) 
The function ¢ (x) is to be determined as a part of the solution. We 
may ‘Ite - 
— v(x, 0) = d(x) = 6,(x)+-46_(2), (7) 
where the first or the second member on the right-hand side is zero 


according as x is negative or positive. 
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3. Reduction to Wiener—Hopf equation 
We introduce the complex Fourier transform x of x defined by 
Titchmarsh (13) as 


yD 
. 


x(f,y) = x(x, yjexp(ilx) dx (Cf = €+%n), (8) 


1 
(27) J 


which is regular in the strip —a, < » < a, (a, > 0) if it is assumed that 
xexp(—Azx) belongs to L(—o,) for all values of A in the range 
a, <A<a,. If it is further assumed that 
© 


lim Far OXP| Ar) =0 (r= 1,2,3), (9) 


ron © 


the relations from (1) to (4) transform respectively to 


eX 
cy 


on y = Oand y = J, 


5% (f) ony = 0, 
B(C, y) on y¥ b, (13) 
where M,(¢) (27)-! ( m .(xjexp(ilar) dx (14) 
0 
is regular for » > a, > 0 (a, < a,) if m,(x)exp(—Az) belongs to L(0, x) 
for all A > a,. Introducing the generalized transforms 


d(L) = (27)- { b.(xjexp(ilr) dr, 
0 


$_(f) 27)-! ( d_(xjexp(ilx) dx, 


which are assumed to be regular in the half-planes 7 > a, and » - ay 
respectively, we write (7) in the form 
ta 


v(z,0) = d(x) = (27)-? ( d .(fjexp(—ilx) dZ4 


a> @ 


| $ (jexp(—ilx)dl, (17) 


—ia— «@ 
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where a, <a <a,. The displacement component v(z,y) can be ex- 
pressed in terms of the transformed stress function x [Sneddon (12)] as 


v(x, y) = {((1+0)/EW2n)+ [ {1—oyt-2@X — (2-0) Hlexp(—itzy df, 
es cy? ey) (18) 
where o is the Poisson ratio and E is the Young modulus. To satisfy 
the equation (10) we take 
x(f.y) = (A+ By)cosh(ly) + (C+ Dy)sinh(Cy) (19) 
where A, B, C, D are independent of y. The conditions from (11) to 
(13) are satisfied if 
C24 = M,,(f), B+CC = 0, 
(C/A) = —{2sinh?(bZ)} {2b¢-+-sinh(26{)}, (20) 
(D A){bf cosh(bf)+sinh(bZ)} = Csinh(bl){(bfC/A)—1}. (21) 
Substituting in (18) the value of y¥ given by (19) and (20), putting 
y — 0, and then equating with (17), we obtain 


wua-+ = at & 


[ {oO M (QH()—F.(Qjexp(—itx)dt— | d_(Cexp(—itz) dz = 0 


ia-— = ia— @® 


with o, = (1—o%)/B, (23) 
H(Cl) = feosh(2bf)— 1} {26f+-sinh(2bZ)}. (24) 
If H(C) is regular at least in the strip a, < » < a,, the integrand of 
the first integral on the left-hand side of (22) is regular in this strip, 
and by a general theorem stated by Titchmarsh (13) the function ¢_(@) 
is regular in the extended half-plane » < a,, and in this region the 
— 0, 6M .(f)H(2)—8,(2) = $2) (25) 
holds. 
The Wiener—Hopf equation (25) is to be solved from the conditions 
already imposed, viz. 
(i) 3/,(C) is regular in the half-plane » > ag, 
(ii) d_() is regular in the half-plane » < a,, 
(iii) both M.(%) and d_(f) tend to zero as |{ — oo in their respective 
half-planes of regularity. 
It is seen from (24) that H({) tends to } as f + 0 and H(f) ~ (26f)-! 
- a. We write 
H(l) = (4670? +-16)-'G(Z), (26) 
where GC) (4672? +- 16)!(cosh 2bf — 1) {260+ sinh(2bZ)} 27) 


is regular and non-zero in the strip a, < » < a, (a, < 2b~'), and in this 
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strip G(C) > 1 when (+0 or (oo. By Cauchy’s theorem G(¢) can 
be written {Titchmarsh (13)] as 


G(Cl) = GC) G_(0), (28) 
with ore 


’ I ' ' . 
log G.(f) = = | [flog G(z)} (z—f)] dz, (29) 
ia, - x 
vir 1 ' 7 y ‘ 
log G_(t) = —. | (flog G(z)}/(z—2)] dz, (30) 
2m | : 
ay 
where G.(f) and G_(f) are regular and free from zeros in the half- 
planes 7 > a, and y < a, respectively. Both of them tend to unity as 
¢ — o in their half-planes of regularity. The equation (25) takes the 
form 
0, 0M .(L)G.(6)(2bf +41)! — Wf) = (2b —41)'b_(C)@_(), (31) 
where (Ll) = (2bl— 41)'d (L)G_(0). (32) 
Again, if ¥(¢) is regular and tends to zero as ¢ -» © in the strip 
ay < » < 4, it can be written as 


is(C) wW (C) ob (f) (33) 


tity 


a a . 
w.(f) = | f(z) (z—L)} dz, (34) 


2m 


(yh(z) (2 —f)} dz, (35) 


where &.(f) and &_(¢) have the same properties as G,(C) and G_(¢) 
respectively. Equation (31) reduces to 
0, OM (C)G.(f)(2bf +- 47) -*§— (0) 
(2b€—41)'d_(C)4_(C)—W_() = Pl). (36) 
In the above equalities the first member is regular in the half-plane 


7 >> a,, the second member is regular in the overlapping half-plane 


 < Gy (ad, < 2b-"), and hence each is the analytical continuation of 
the other, so that P(z) is an entire function. Thus 


0, 6M.(f) = (260+ 41) fh, (f) + P(S)}, @ (0), 


P_(f) = (2bf—4i)-_(C)+- P(L)} G_(Q). 
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The inverse transforms of (37) and (38) are 
o, bm (x) = (27)-4 ( (204-41)! G (ZU (C)+- P(O)jexp(— tla) dZ, 
ia— « (39) 
ie+« 
(x) = (2n)4 [ {(2bf—41) 1 (OP(O) + Pexp(— ike) dé. 
ia~« (40) 


4. Prescribed surface displacement 
If 6. (x) = x, exp(—«,2), we have 
D(C) = (2m) Hin, /(S+-ixg)}. 
From (32), (34), (41), 
yi (278) [{(2b2 —4i)'@_(z)} {(2+ ixg)(2—2)} ] dz. 


ia, « 


wb .(C) 
Considering the region imz < a, and calculating the residue at the 
pole z iky, we obtain 

ds. (L) = {(ixy) (2a)! — i) "(2b + 4)1G_(— ing) (C+ iy). (42) 
When (42) is used, the first member of (36) tends to zero as [| > w, 
and hence P(z) 0. With the help of (32), (41), (42) the relations (39) 
and (40) simplify to 


o, bm (x) ia 


l “ (2b0+- 42)! 
2r JG ixy)G , ( (c) 


ix, (—1)!(2b«, + 4)'G_(— ix,) exp(—7Cr) df, 


- Dc. + 4G ik *x Car 
((—2)*(2bwy + 4)'G_(— tx)  |OXPC— 182) yy 


d(x) ; : 
{ = (2bf— 41) §G_(Z) J C+ixg 


If Y be the total surface load, then 
Q | m (ax)dx. 
j 0 
From (43), io+ es 
. +40)! ‘ 


; , l (2¢ 
a, bQ + (—t)#(2bn, + 4)'G be = 
1 Ky ( v)r( IK ) ( 2) 5— : tae ike oO, (0) ‘ 


wa x 


5. Approximate solution 
As a first approximation we take 
G(t) = 1. (46) 


It is seen from Table I that for real values of { the assumption (46) 
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involves a maximum error of 19 per cent. corresponding to 2bf = 4-5. 
More terms can be taken on the right-hand side of (46) to minimize this 
error to any desired degree. However, the procedure will be the same 
even when the corrections are introduced [Koiter (6)}. From (29) and 
(30), GA) = G_(%) = 1. (47) 
The relations (43) and (44) reduce to 


a, bm (x) = tx, (—1)*(2bK«,4 ep -- {(2b0 + 42)! (C+-ix,)}exp(—ilx) dZ, 


~il 
. 


ia a (48) 


ob (2x) 


ix, [  f(—1)'(2b«,+ 4)! 1 (eXP( tCx) ay 
2r J | (2bf—4i)! | C+ IK, ‘ 


ia £ 


(49) 


The above integrals are evaluated by considering the respective regions 
» <a and » >a. In the first [ ix, is the pole and ¢ 2(i/b) 
is the branch point, while for the second ( = 21/6 is the branch 
point. Remembering that 
it = exp(}iz), (—1)! = exp(—}iz), 
we obtain finally 
a, bm (x) = «,(16— 46%«3)! exp(—x«,2)-4 
+ 2(K,/m)(44 2bx,)' exp( 2x b) I(x) (Ky 


d (x) 2(K, 1r)(4- 2hx,)' exp(2r b) I(x), 
where 


I(x) | t2(t? +4 — 2bx,)-' exp} —2t? (2h)'dt (x 0), 


0 


L(x) = | (2444 2b«,)~expfat? (2b)! dt (x < 0). 
0 
The integrals (52) and (53) have been evaluated by Koiter (6) as 
I(x) }(2b7 x)! — hn(4— 2hn,)'exp{ (25>! — «, )rjerfel(2b-!—«,)r}! 
(x + 0), (52a) 
I(x) == 42(4+ 2be,)-' exp| — (26>! +-«,)ajerfe{—(2b-'+-«,)aj'!' (x < 0), 
(53 a) 


» e 
where erfe(s) ed e dt. (54) 
\7 . 
0 


The total load Q can be calculated from (45). It is easily found from 


(50) and (52) as 0, bQ — 2(K,/K,)(4+ 2be,)!. (55) 
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6. Numerical results 
For simplicity we take x, = 1/b. Then the relations (50) and (51) 
with the help of (52a), (53a), (55) reduce respectively to 


V2(b Q)m (x) = exp(—a/b)4+-s22-lexp(—2x/b)h (x) (x > 0), (56) 
(2.6 (0, Q)jb (x) = (2v6/ m)exp(2x/b)1,(x) (x < 0), (57) 

where /,(x) and J,(x) are now given by 
I(x) (477)'(b x)t— (wr v2)exp(z b)erfe(x b)' (x > 0), (58) 
(x) — (7/2v6)exp(— 3x b)erfe(—3x/b)! (x < 0), (59) 


Table I] gives the values of v2(b Q)m,(x) and {26 (0, Q)}¢é_(z) as 
functions of xb. Lastly it may be mentioned that all the assumptions 
regarding the regularity and behaviour of different functions in their 


respective domains can be shown to hold. 


TABLE I 
oo eu on) 30 40 45 5-0 
02500 02497 02454 02322 02102 00-1976 O-1849 
02500 02425 02236 02000 O-1768 0O-1661 01562 
10000 = 2-02907 10975 11610 L-1889 11-1896 11837 
oo 30 1O-0 16-0 wo 19-0 Iso 


a 
rasie Il 

rh Ow 0-06 25 1 2-25 400 6-25 900 

V2(b/Q)m , (2 |b (mr)|* 25654 14681 05159 06-0806 00-0183 00025 0.0000 


rh 0-00 O-o2 0-08 0-33 O75 1-33 2-8 3:00 
2V6 (0, Q)}d (2 10000 O&- 7383 O5194 O08 2188 OOTIS OOLTS 08-0083 06-0000 
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SPACES OF FINITE CHARACTERISTIC 
By M. G. BARRATT (Manchester) 


| Received 2 February 1959} 


Introduction 
Ir is well known that, if the singular homology groups of a simply- 
connected space are torsion groups in dimensions greater than 1, then 


so are the homotopy groups. In fact, the orders of the elements of the 


qth homotopy group will be bounded if the orders of the homology 


classes in dimensions not exceeding q are bounded: various conjectures 
have been made about the relation between the bounds. In this paper 
a crude upper limit for the bound of the orders of homotopy classes 
will be found, with more reasonable results for suspensions. It suffices 
to consider only CW complexes since any space may be replaced by its 
singular complex (12) for these purposes. 

Particular interest attaches to spaces with one non-trivial homology 
group of positive dimension (Moore spaces) since these are the bricks 
with which a complex of given homotopy type can be constructed from 
the homology groups, and certain invariants (akin to the Postnikoy 
invariants). These can be represented as suspensions in such a way 
that the homotopy class of the identity map has finite order under track 
addition (1). 

\ complex A will be said to have characteristic p(- x) if the 
homotopy class of the identity map of its suspension has order p under 
track addition. The homology characteristic of a space will mean the 
least common multiple of the orders of the (singular) homology classes 
of positive dimension. Thus the real projective plane has homology 
characteristic 2 and characteristic 4|(1) Part II]. A connected complex 
of finite (homological) dimension will be shown to have finite charac 
teristic if and only if it has finite homology characteristic; the latter 
divides the former, and the former a power of the latter. 

A simply-connected complex of finite homology characteristic has the 
homotopy type of a wedge, or, equally, a direct product, of spaces of 
mutually prime prime-power homology characteristics; in examining 
the gth homotopy group it suffices to consider a complex with the same 
homology groups in dimension up to q+ 1, and no others. Therefore 
it is sufficient to consider complexes of prime-power characteristic. 


Quart. J. Math. Oxford (2), 11 (1960), 124-36 
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Let p be a prime, and suppose that A is of characteristic p™”, and 
(n— 1)-connected (n > 1); let EB denote suspension. We have the pro 


position 


PROPOSITION. pra EA) Oifg~ 2n. If A is itself a suspension, 


then pm **n (EA) = Oifg < p**'n. 

The last result may be best-possible: 2,,(#A) is cyclic of order 8 when 
A is the 3-fold suspension of the real projective plane. Various crude 
results can be deduced: for example, if p"H(A) — 0 for 1 ~— t — q, then 
a space B can be found of characteristic at most p™'", with 7,( FA) 
as a homomorphic image of 7,(£B). Again, if A is at least simply 
connected in the proposition, the first result yields a bound of the order 
of p®™ for 2,(A) ifg <— 24(n—-1); for q 2(n--1), A can be replaced by 
a suspension, and a sharper result can be obtained, 

Though spaces of any odd characteristic can be constructed, no space 
of characteristic 2 is known at present, and it is reasonable to conjecture 
that none exist. An existence problem of a different kind is this: is 
there a compactum of finite (covering) dimension and finite homology 
characteristic which has infinitely many non-zero singular homology 
groups” Such spaces are known (3) with infinite homology charac 
teristic 


1. Characteristic and homology characteristic 

The first propositions relate the two types of characteristic; here 
spaces’ mean CW complexes with base points, & denotes suspension, 
and wj'(r) the track group of base-point preserving homotopy classes 
of maps KA + X (as defined in the Appendix). The homotopy class 
of the identity map LA >» EA is written 1,. We have the lemmas 

Lemma ll. [f 1, has order p — 1, then A is connected and pll{A) ~ 0 
(all q ()) 

For, if x, 8: FA» X, the track-sum a+ 8: FA -> X is defined by 


composing a map p: EA + EAy EA witha map (av): FAV EA +> X 


(see Appendix); p pinches a middle section Ac FA to a point. It is 


easily verified that 
(x+B), ve By: HBA) > HX), for g > 0. 
Hence, if z «© H,( FA), 
pz PN gg2) — (Pl gdez = 9. 
Also, HEA) = H, (A) (q > }), 
and //,(A) = H,(FA)+ Z must be free abelian. 
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Lemma 1.2. If A is connected, and has homology characteristic p, the 
characteristic of A divides the product of the maximum of the orders of 
the elements of the cohomology groups H%A;Z,) (q = 1,2.,..-). 


The lemma has content only when all but a finite number of the 
cohomology groups are 0. It is shown in (5) and [(1) Part II] that there 
is a sequence of groups 

741(X), 
such that Q, is a central extension of a subgroup of Q,_, by a factor 
group of H’(A; 7,.,(X)) for each r > 1; Q, is the inverse limit of the 
system of groups Q@, and projections Y, > Q,_,. The universal-coefficient 
theorem and the conditions imply that the maximum order of elements 
of H(A; 7,,,(X)) divides that of H(A; Z,).+ The lemma follows by 
induction on r. 

For simply-connected complexes of finite dimension, (1.1) and (1.2) 
imply that finite characteristic and finite homology characteristic are 
equivalent properties. 


LEMMA 1.3. /f A is 1l-connected and has homology characteristic p, 


then for any q 1, p*r,( A) 0 for some power 8 (depending on q). 


This follows from Serre’s C-theory form of the Hurewicz theorem 
since the abelian groups whose elements have bounded orders dividing 


powers of p form a class (10). 


TueoreM 1.4. If A is l-connected and of homology characteristic 
p Py Pp, where p, Pp, are powers of distinct primes, then there 
are complexes Ay,.., A, of homology characteristics p, Py. respectively, 
such that A, V A, Tl A, have the same homotopy type. 

1<¢ck 1< tak 


This is a special case of a theorem concerning spaces whose homology 
groups are torsion groups. If A, B are 1-connected and of mutually 
prime homology characteristics, the inclusion A Vv Bc A B induces 
an homology isomorphism, and hence (by a theorem of J. H. C. White- 
head's) is.a homotopy equivalence. Therefore \J A, and [TT] A, must 
have the same homotopy type. 

+ Let M(Q) denote the maximum order of the elements of Q. If pQ 0, 
both Hom(Q, @) and Ext(Q, G) are Z, modules in an obvious way, and it is easily 


proved that the maximum orders of their elements divide M(Q), and are M(Q) 
when @ Z,. Since 


H"(A;G) = Hom(H,(A), G) + Ext(H,_,(A), @), 


it follows that M(H'(A;G)) divides M(H'(A; Z,)) for all G when A has finite 
homology characteristic p. 
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An equivale ce A = [J] A, can be constructed by considering the 
Postnikov system of A; the dual method, described in (9), is to construct 
a sequence of spaces B, c B,c...c B,c...c B,, and maps f,: B, > A 
such that 

(i) B, point, 

(Gi) J, | Bia = Janu: 

(iii) f,.: H(B,) = H(A) ( < n),t 

(iv) J/,(B,) 0 («>n). 
B,, is obtained from B,_, by attaching a cone on a Moore space Y,, by 


means of a map Y,, + B,_,, where the only non-trivial homology groups 


of r. are H,( Y,) Z, H i(Y,,) H(A ). 


" 


Assume, as an inductive hypothesis, that 


Bi=Vas,.. (i <t< &, 
where the homology characteristic of B,_,, divides p, We can also 
choose Y,, in similar form VV Y,,. By the remark above, 
7,(B,,_1) 7AV B14) = 7 (T] B,,_1,) s 7,(B,,_14)- 
sv (1.3), all maps Y,, > B,_, ean be deformed into B,_,,(1 < t < k).t 
Therefore B, can be constructed so as to be a similar wedge Y/ B,,,. 


Since B, is a point, by the principle of induction 
B, —~ UB, V UB, 
Lu fk 


This completes the proof. 


2. Theorems on suspensions 

We first prove the lemma: 

LeMMA 2.1. If A has characteristic p, then 

pEn(A)=0 (E:2,(A)>7,,,(FA)). 

Proof. The track-group functor 7j(X) is contravariant in A; a 
homotopy class ¢: A - B induces a homomorphism ¢*: 7f’(X) - 7jf(X) 
by $*(6) 60 Ed. Now af"(X) can be identified with To41(X), so that 
$*(1,) = Ed if 6e7,(A). Therefore pE¢ = (p1,)0o Ed = 0, which 
proves the lemma. 

+ The epimorphism when i = n in (9) can be replaced by an isomorphism. 

Let C, be the class of torsion groups whose orders are prime to p,. Then 
. By 44) are in C,, and so therefore are 7(B,_,, By, 4). The inelusion 
B, therefore induces an isomorphism between H’'(Y, »,77,(B,_,4)) and 


nt: B,_,)), and therefore between the homotopy classes of maps of Y, , 
into these spaces. 
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Information about the kernel of E can be obtained from the exact 
couple of the suspension, described in (2), and the following theorems 
(p denotes an arbitrary prime): 

THEOREM 2.2. If A is (n—1)-connected and has characteristic p™, then 

pm™*r,| EA) 0 for q : Qkn (n > 1). 

THEOREM 2.3. If A in (2.2) is itself a suspension, then 

k+1y 


p™**n, (EA) = 0 forg <p 


The proofs will be given in § 5 and § 7 respectively. 


3. Collapsed products and Whitehead products 

The collapsed product A x B of two spaces A, B with base points is 
the result of identifying Av B in A = B with the base point. This is 
a functor: maps «a: A - A’, 8: B-» B’ determine a ¥ 8: A x B-> A’ B’. 
Notice that » is associative, and distributive over Vv ; S® acts as a two- 
sided unit, and the suspension L.A can be defined as A S'. The k-fold 
collapsed product A“ is defined inductively by 

Ao — §%° AY=— A, A*+0 = AK A, 

We consider the lemmas: 

LemMa 3.1. The characteristic of A» B divides the characteristics of 
A and B. 


In particular, Ax B has finite characteristic if either A or B has. 
This will be deduced from the next lemma, which is proved in the 
Appendix. Let «,: A-»A denote the identity map or its homotopy 
class indifferently. Then every map (or homotopy class) 8: EB X 
determines «,* 8: Ax EB E(Ax* B)> Ax X. 

LEMMA 3.2. The transformation B > «4B is a homomorphism 


nB(X) > se B(A xX). 


Proof of Lemma 3.1. l, Ex 4, 
and Laxyp = Elta tp) = 4 ® Bip = 04K 1p. 
By the lemma, P(ty¥ 1p) = «4 (pip) = 9; 
this completes the proof. 

It is convenient to define the Whitehead product 

[734(X), nP(X)| - aiX5(X) 

by means of commutators [cf. (1) § 8.2], generalizing Fox’s charac- 
terization (7), rather than by Cohen’s method (4); the definitions are 
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equivalent for suspensions. The natural maps of A x B to A B, A, B 
induce monomorphisms by which the groups 
eAXB(XY) wA( XY) oP X 
meXB(X), ajf(X),  2'(X) 


can be embedded in zj*“(X). It is shown in (1) (loc, cit.) that there is 


a short exact sequence 


wik/X) > rr By X) 
where 7(* is induced by the inclusion Ay Bc . B. Then, if 
x € 71(X), Be wB(X), 
the product |x, 8] is to be the commutator 


1—B 


in 7!" *(X); it lies in the subgroup 7j!*"(X) = Ker(i*! 
Remark. 1f 6: X + Y, then @o[a,8| = [@ oa, Go 8]. 
This product has the important property that, if @: X -» Y is a bundle 
mapping of a principal fibre bundle with group @, and 
A: wf(X) > aif(G) 
is the transgression homomorphism (always defined), then 
Al x, B] x, B>, 
where “x,8> is the Samelson product in z!*"(@): for both products 
are (or can be) defined as commutators. This leads to the statement 
of the Milnor—Hilton theorem given in § 4. 
Another property that will be used in the proof of (2.3) is that of 
the lemma 
LemMMA 3.3. If A is a suspension, so is Ax B, and 7#(X), miX BX) 
are abelian, while |wi(X), nf X)| is linear in 7i{(X). An analogous result 
applies if Bisa Sus pe nsion. 
The first part is obvious: to prove the linearity, observe that it 
suffices to show that the subgroup Q c 7; “(X) generated by 7/1(X), 
7;'*"(X) is abelian since 


[a+ v2, B| 4 +[ 49, B] x, +[4, 8]. 


Let £: Ax BY be the identification map pinching B to a point; 
then &*: 7} (X) = Qc mj! **"(X), and so 7} (X) is to be proved abelian. 


This will follow if Y is shown to have the homotopy type of some 


suspension. 


360 il 
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Now Y, A, A» B are |-connected, and the last two are suspensions: 





it suffices to construct a map »: Y -» Av A» B that induces a homo- 
logy isomorphism. Let p: A - Av A be the canonical pinch as detined 
in the Appendix: p induces p 1: A x B-» (A Vv A) B, and so 
p:Y>YvY. 
The maps A» B-» A, A» B pinch B to a point, and so induce maps 
Y-- A, Ax B, and hence a map A: YvyY>AvVAx«B; it is easily 
verified that » -- Aop: Y + AV A Bis a suitable map. 
Example. Take X EA; then [1,,1,] € 7f°( FA), and 
(ply) o[1y, 14] = [ply ply). 
When A is a suspension, this is 


PUL Vy] = (1a, Ba] 0 (p? 1 ye). 


4. The Milnor-Hilton theorem 

In (8) Milnor generalized to the loop space of a wedge of suspensions 
of connected complexes Hilton’s theorem (6) on the loop space of a 
wedge of simply-connected spheres. Since the statement of the theorem 
is not readily available, it is stated here in the form in which it will 
be used. Milnor’s construction is more explicit and can yield more 
information than the bare statement below. 


The theorem concerns the homotopy groups of a wedge of suspensions 


X EA,\...V EA,, of connected complexes A)...., A,. A countable 
set {A,} (t 1, 2,...) of complexes, together with homotopy classes of 


maps u,; EA,-» X will be constructed so that the following theorem 
is true: 
THe Minnor-Hitton THEOREM. u,,: 7,( FA, > 7,(X) is a mono- 


mor ph ism for each t 1, and 


m(X} = > m%47,( EA). 


In fact, 7, can be replaced by the track group 7)’ of a suspension B. 


Construction of A, u,. Construct first sy mbolie basic products G1, Ways 
in symbols 1,..., $; each w, will be a certain number w, > 0 (called 
the weight of w,) of symbols, bracketed in some way, and will have a 
non-negative integer c, (called the class of w,) associated with it. The 
construction is not unique, and proceeds inductively. 

There are to be s symbolic basie products w, t (¢ < s) of weight 1; 


all have class 0. Assume that the symbolic basic products of weight 
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less than m have been defined and are w,,..,. w,, such that 


’ 


(i) r <timplies w, < uw, im « < ¢. 


Take all 8} mbols [w,,, @| such that 


(1) WwW, +TW, m, (11) Cy P< 4q; 


>..... These are to be 


order these arbitrarily and label them w, ,,, @,, , 


the symbolic basic products of weight m; the class of |w,,,w,] is to be p. 
Define A, = w,(Aj,..., A,) by induction, so that 


if f 8, A, A;: if w, |w,,, @, |, A, 


1} 


Define Maps Uy, w(1 


if t 8, uy 1 te if wy [w,,, yl, u, [w,,, uy). 


In general, if a,; EA,~> X (1 t < s) are homotopy classes of maps, 
w/(%,..-, %) Can be similarly detined as a repeated Whitehead product. 


The theorem leads to the following generalization of a construction 


of Hilton’s (6). Let A A, aS A,, and X VV FA, as before. 
tos 


Construct homotopy classes of maps 


fA 


EA —»> X » EA, 
so that p, is the track-sum u,+u,+-...4+-u, of the s identity maps 
EA» EA,, and yw’! EA, is also the identity map EA,+ EA. Thus 
(s1,). Let p, be the homomorphism induced by p,, i.e. 
De: m,(EA) > 7,(X) > Uy 7, (EA ' 
By composing p, with the natural projections, natural homomorphisms 
M, are obtained 
M,;: 7,(EA)-> 7, EA, (t > (4.1) 
such that p,(¢d) = ¥ uw, Md), and hence 
(sl,)od Hy Pyld) > pu ou,o Mid). (4.2) 
Notice that, when t < s, 
fu Oo uy ( Md) 
5. Proof of Theorem 2.2 


In (4.2), take s ys for any d | 7 (EA ), 


0 (p™l 1) 0 db pd t > fbou,o Mid). 
t 


p™ 


Now, for f > p™, A; is at least a 2-fold collapsed product of A, and so 
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at least (2n—1)-connected and, by Lemma 3.1, of characteristic 
dividing p™. Assume the theorem true for all spaces of all prime-power 
characteristics, all connectivities n, and all g < 2*-'m. Then, if q < 2*n, 
pms-t | EA,) 0 for allt > p™. Thus 


0 p*d t > bhou,o (pm i M/¢)) p™*d. 


tp 
Therefore the theorem is also true for q < 2*n; it is trivially true for 
q <n, and so always true. This proves the theorem. 
This procedure will be used later, and called ‘induction on k’. The 
next lemma will also be used: 
LemMMA 5.1. If A is a suspension of characteristic p™, then for each 
I r< m,(p'l,)o(p™d) = 0 for any ¢ in 7,( EA) and all q. 
Notice that this gives Theorem 2.3 when p = 2, by induction on k: for 
0 (pl ,) 0 (p™'¢4) pd > pou,o(p"  M(d)); 
on multiplying by p* and using the appropriate inductive hypothesis, 
it follows that p”™**7,(EA) — 0 for qg < 2**'n. A more delicate argu- 
ment is required for the other primes. 
Proof of Lemma 5.1. The theorem is true when r m. Notice that, 
if true for any particular r, then 
(pr*'l ,) o (p™ 'd) 0 forall t > 0. 
Assume that, for some r > | and all i < s < m—1, 
0 (p"**1 ,) o (p™-*-*d) 0. 
Put, for convenience, { — p™’ 'd, and expand (p"*!1,) ow by (4.2) 
with s = p as follows: 
(pl ,)o(pl jog 
(pl ,)o | py + Zz phou,o Mi), 
t i 
(p"l ,) op” "64 > (pl ,)opouo Mb) |. (5.2) 
. t-p 
Now 
(pl yjopouy=pol Y(p'l,)ouw) = pouo(p™l,), 


inp 
by Lemma. 3.4 (cf. example), since A is a suspension. 
By the inductive hypothesis (since w, > 1) 
(pred , lo M(p™ r 14) 0 (all t > Pp). 


Therefore (5.2) reduces to 0 = (p"l,) o (p™¢), and Lemma 5.1 follows 


by induction on m—r. 
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6. The distributive law 

Following Hilton, a distributive law for composition is obtained by 
taking s — 2 in (4.2); in this case, write H, instead of .V, (conforming 
with Hilton’s notation). If a«.8: EA +> Y,avB: FAY EA X~>Yv\ y: 
let @: X —- Y be obtained by collapsing Y vy Y on Y. Then (4.2) implies 

Gop,od = 20¢6+fo0db+ YAo0u,0 Hid). (6.1) 
t>2 
This is the distributive law referred to; the other, 
ro (df +d’) rod 
is always true and has been used already. 

The intention is to expand (s1,)0o¢ by the distributive law; it is 
necessary to examine {(k1,.)v 14.) ou: EA,-> EA, \v EA, when A is 
a Suspension, 

A symbolic basic product w, of weight w, in symbols 1, 2 will be said 
to be of type a if there are a1’s and (w,—a)2’s in it. Let a ki ,, 
B—1,: EA + EA define 0: X EA. EA -» EA as before. We have 

LEMMA 6.2. Oo uw = pou,o (k"1,), where w, is of type ay. 

This follows from the definition and Lemma 3.3 (cf. example), by 
induction on f. Then (6.1) yields, with Lemma 6.2, 


{((k+1)1 4} o¢d—(k1,) 0¢d—¢ = Ypou,o (k"1,) 0 H(d). (6.3) 


Se 
{>2 


Sum this for 1 < k s to obtain the lemma: 


* 8 1 
LemMA 6.4. (sl,4)o¢d—sd = Ypowo > [(A"1,,) © H\¢)|}. 
2 k=1 


/ 


This is the first step in the reduction of the left-hand side. On ex- 
panding the terms in the braces, we obtain invariants of type H, H{¢), 
and leave more terms to be expanded. It is convenient to extend the 
notation temporarily to cover the general case. 

Let + denote an ordered sequence (f,,...,¢,), where t; > 2, and let 7' 
be the set of all such sequences (r = 1, 2,3,...). Define, by induction 
on r, spaces A_, maps #,: EA, -> EA and homomorphisms 

H,: 7,( EA) > 7,(EA,) 
by setting 
A, A, G, pou, H1,, if + 
(A),, &,=a%,08%,, H,=H,olH, ifr = (tv) ) 


(6.5 
A » 


Remark. These constructions are natural; @,o a, denotes a com- 


position E(A,), > EA, EA. 





134 M. G. BARRATT 
Repetition of Lemma 6.4 yields a formula of type 
(sl ,)od—sd 2 ai, o fa(s)H(¢)}, 


where o,(s) is an integer; it is important to know what these integers 
are. 
Define o(s: x 


a(s; 


t,), and w, is of type a,, set 


a(8) als, a, 


LemMa 6.8. If A isa suspension, d ¢ 7,( EA), and A,, 


are defined by (6.5), (6.7), then 
(sl ,)o¢d—s8d = 3 a, 0 {3,(8)H(d)}, 
the summation being over all rt in T. 


Proof. Assume the lemma true for x-connected suspensions, and fixed 
q; suppose A (n—1)-connected. The lemma applies to Ta EA,) (t > 2), 
and follows for z,(£A) from Lemma 6.4 and the inductive hypothesis; 
it is trivially true when n > q, and so true always. 

Remark, Only a finite number of //,(¢) can be non-zero; also, A, is 
a certain collapsed product of A’s, and so a suspension. 


LemMa 6.9. If + t,), and p isa prime greater than the product 
of the weights uy,,...u, of the symbolic basic products w,,...,0,, then p 


dia ide s o,(p). 


Proof. Since the type a, of w, is less than w,, it follows that it suffices 
to prove that p divides o(p; «, x,) when [T] (a;+1) < p. Now 


is a rational polynomial in s without a constant term, and the denomina- 
tors of the coefficients are products of powers of primes not exceeding 
the degree («+ 1). Such a polynomial will be called stable. Assume that 
a(s; is a stable polynomial of degree [T] («;+-1). Then the 


polynomial 


is also stable, of degree (x+ 1) | | (a; 
o(8: a) 18 of degree (x+1). 
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7. Proof of Theorem 2.3 

By (5.1), (pl,oe=—0 
ify — p™ 16. By (6.8), 

pd pis > a. O fo p)H Ah). 
The terms in the braces are of two kinds: if r = (,,..../,) and p 
then p divides o,(p) by Lemma 6.9, while, if p - = * 
Hb) € p™ '2,(EA,), 

and A. is at least (pn—1)-connected. In the former case, the term in 
the braces is a multiple of p”/(¢). 

The theorem is trivially true if g < . Assume that it is true for all 
q and all spaces of connectivity not less than n; suppose that A is 
(n—1)-connected and multiply (7.1) by p*. The right-hand side 
becomes zero, and (7.1) becomes p™**¢ — 0. The theorem follows by 


the principle of induction. 


Appendix 

To ensure that the product A « B of complexes is a complex, it is 
convenient to restrict complexes and maps to the realization of CSS 
complexes satisfying the extension condition; this imposes no limitation 
on homotopy type in the category of CW complexes. If A, B are 
CW complexes with (vertex) base points, A « B is obtained by pinching 
Ay B to the base point; S’ is the unit circle in the Argand plane, and 
the (reduced) suspension EA of A can be taken to be A» S’. Define 
the canonical pinching map 

p: EA+ EAy EA 

as follows. Let py: S’ > S’v S’ be given by p(e?”“) = e**“, with values 
in the first circle if 0 < t < 4, and in the second if 4 < t < 1 (1 being 
the base point of S’). Then p (4 “Po, Where «,: A — A is the identity 
map. 

The track-sum of maps a, 8: EA > X is defined as the composition 


. 


fe 


R 
» 
Pa. a 
>XVX - 


where is the folding map, the identity on each copy of X; it is easily 


. ‘a . : » 
EA —» EAy EA — - X, 
verified that this induces an associative addition of homotopy classes, 
and that addition is commutative if A is a suspension, or has the 
homotopy type of some suspension. 

There is a natural one-to-one correspondence between the (base-point 


preserving) homotopy classes of maps EA -» X and of A - Q.XY, the loop- 
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space on X, QX is an H-space with a homotopy associative multiplica 


tion, possessing a homotopy unit and homotopy inverses; it follows that 
the homotopy classes of maps A 


-QN form a group 7'(QN). The 


track-addition is such that the correspondence is a homomorphism; 


thus the set wii(X pot homotopy classes of maps EA -> X forms a group 
under track-addition. 

Proof of Lemma 3.2. The naturality of the canonical pinching map p 
implies that 


(EBy EB). 
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A MATRIX INEQUALITY 


ATKINSON, G. A. WATTERSON, and 
P. A. P. MORAN (Canberra) 


| Received 26 February 1959} 
be an m by » matrix of non-negative terms. Then 
D (1) 


where a.. and a... are the row and column totals and a,, is the sum of 
all the terms. If all the row (or column) sums are equal, the result 
follows from Cauchy's inequality, and in particular the result is true if 
either om lor I 
We say that A ‘a,,| is minimal if 

db 
attains its minimum for non-negative a,, and a,, fixed The inequality 
(1) will be proved if we show that for a minimal matrix either all the 
row sums are equal, or all the column sums are equal, or both. Assume 
that A is minimal and that at least two of the row sums are unequal 


and two of the column sums. Assume the matrix rearranged so that 
(2) 
(3) 


We then have a,, a,,, and a,, a,,. It is clearly sufficient to con 


m 


sider the case in which no row or column consists of zeros only, for 


arguing by induction on m+n it would then follow that (1) would be 


a strict inequality and A therefore not minimal 

We first show that we may take a,, > 0 and a,,, 0. Suppose, if 
possible, that a,,, = 0. We can then find a,, > 0 and a,, since 
neither the first column nor the last row can consist of zeros only. 


We make a small perturbation in which 


are replaced by 
a~— 
The row and column sums are unaltered and the new elements are 


Quart. J. Math. Oxford (2), 11 (1960), 137-40. 
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non-negative if « min(a,,,4@,,.), Whilst a,,, is replaced by a positive 


number. The effect on ¢ is a decrease of amount 


e(a@,. —@,,,. }(@.3 — 4.4) 


which is certainly not positive. Since A is minimal, ¢ will, in fact, be 


unaltered. Similarly we may ensure that a,, >> 0. 


We now make another kind of perturbation in which a,,,, @,,. and 


are replaced by 
o >» . 
Any —T, Ayer, 4,—F, 


where x is small and positive. Taking ¢ as a function of x we shall 


show that dd 
dx 
for x 0. from which it follows that A cannot be minimal, thus giving 


a contradiction, 
The partial derivative of ¢ with respect to an arbitrary element 4, ; is 


m 
s yj Un. 


hel 


n 


Hence dd 
dx 


~ | 
ee nih, 
1 


Using (2) and (3) we have 


n n 
S S 
> UK D> BK en 4,.4.,; 


kel 


m 


= a 
a hi 


m 


S 
> 8rtn- a,,a 
1 


me m*? 


’ h 


n 


a 


jn mk 
l 


a. 


Hence 
dd 
le =" Fn My. Ay, (A. A.) + oy (4p. Ay.) 


since a,, and a,, are positive. Hence a minimal matrix makes (1) an 


equality 
There is an obvious integral analogue to (1). If A(x.y) > 0 is (in 
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some suitable sense) integrable on the rectangle 0 - 
it follows by a straightforward argument that 
+}. e> 3 
ab ||| | K(x. t)K(x,y)K(s, y) dxdydsdt A) ( K (x,y) dedy) . (4) 
0 ovu 
Ifa 6 and K(x, y) is symmetric so that A(x, y) = K(y.x), we can 
write (4) in the form 
, aaaa 
a? || Kyla, y) dady = a? [{{[ K(x.y)K(y,8)K(s, t) dadydsdt 
vvdD 


oo 3 

| K(x, y) dardy) , (5) 
where A,(x,y) is the third-order iterate of A(x,y) in the sense of the 
theory of iterated kernels of integral equations. This suggests the 


Inequality 


1a 7 


. aa 
a, ( ( AK (a. y) daxdy | ( i K(x, y) dardy) , (6) 
2° 56 
which would provide a useful lower bound for the integral of the iterates 
of a symmetric kernel. We have shown that (6) is true forn — 3. For 


n- 2the analogue of the matrix inequality, with the matrix symmetric, is 


nS a,ay (> ais) 
ijk ) 
which may be written » ¥ a?, > (Sa;.)° and is therefore clearly true. 
j j 
Similarly (6) is true for n = 2. Now suppose that n = 2”3*, where 
r>0. Put n 2/. Then 
aa aa > 
a|| A,(r,y)drdy > 1 | Aj(x.y) dxdy| , 
00d do 
and, provided that 


qi! ( ( K(x, y) dady a ( ( K(x. y) dandy) 


v0 00 


I 
’ 


it will follow that 


oe aa 
aa} ( ( K, (2, y) dxdy > fl) (K(x, y) drdy) 
00 00 
Thus, if the result is true for n = 2"-!3*, it is true for n = 273". By a 
similar argument we can show that, if it is true for » 2°3*-!, it is 
true for 2"3*. Since we have proved it true for n 2, 3, it must be 
true for all » of the form 273°, and is probably true for all positive 


integral values of n, so long as A(x, y) is symmetric. 
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teturning to the case where symmetry is not required we can derive 
another version of (1) and (2). If a;; > 0 and we have non-negative 


numbers p,;, q; such that 


m 


> Pi 
t=} 


mm "” mm m n 


then > > 45; PY) > a); Pr ba inde = (> > 44; P:4)\ - (7) 
p=} 8 


i=1j 1 1 jf 

This can be derived from (1) by approximation using a matrix whose 
rows are repeated and using rational approximations to the p, and q,, 
or from (4) by putting A(z, y) = a,; when 

Pot ++ T Pi-1 LD Pore TPis 
Got ++ TYj-1 4 dot +++ Tj; 
where we make the convention that py = dy = 0. 

If we consider the symmetric version of (7) with m Nn, Ay; = a; 
and p, = q;, we obtain an inequality conjectured by Mandel and Hughes 
(1) on genetical grounds. 

Suppose that we have a genetic population of diploid individuals and 
we consider a single locus at which there are n alleles A, A,. Let 
a; ) be the relative viability of the genotype A,;A; and p, the 
frequency of A, in a particular generation. The mean viability of the 


population is 


” 
> a;; DP; P; 
oe 


t=1j 
if there is random mating. The frequency p; of A; in the next genera 
tion is given by the equation 


" 
Vp, p P A; ; Pj. 
j=1 
and the mean viability in the next generation is 
" 
] > > 4557; P;- 
int fo 
We expect on biological grounds that V’ V’, and this is equivalent 


to (7) with m na a,,, and p qj;- 
j Jt J ‘ 


REFERENCE 
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| Note added in proof| Vf in (1) we take m . a); = ay, we get a 
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after this paper was written, and which has affinities with our con- 


jecture (6). 
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1. Introduction 
THE classical theory of elementary ideals and elementary divisors of 
finitely generated modules can be used to calculate topological in- 
variants of polygonal knots and links (6) from presentations of their 
fundamental groups. In this paper I shall present a generalized 
elementary divisor theory which applies to infinitely generated modules 
over a unique factorization domain. This and the techniques of the 
free calculus (2) and (3) will be used to calculate new topological in- 
variants of wildly imbedded knots. As illustrations [ shall discuss 
certain knots related to the wild ares of Fox and Artin (4) and (5). 

I am indebted to Professor R. H. Fox for his help in the preparation 


of this paper. 


2. Divisor topologies and nullity 

Let us first review the classical elementary divisors. Let M be a 
finitely generated (abbreviated f.g.) module over a unique factorization 
domain ?. Then WM is the homomorphic image of a free P-module 
generated by (n < #); the kernel of the homomorphism is 


n 


generated by the elements 


Xj, > 


Let A be the mxn relation matrix {x;;|. If 0<— k <n—1, the k-th 
elementary divisor \,(M) is that principal ideal for which a generating 


element is the greatest common divisor (g.c.d.) of the minor determinants 
of A of order n—k. If k nm, we define ALD P. For each k > 0, 
A,(M is an invariant of the module M. 


[2.1] A (Dd) divides ACM) for) k. 


Proof. It follows from the Laplace expansion that each of the 
determinants defining A,(M) is a linear combination of the determinants 
defining A,(M). 


[2.2] Jf Mand Nare f.g. P-modul.s and Nis a P-homomorphic image 
of M, then A,(N) divides A,(M) for all k > 0. 


Quart. J. Math. Oxford (2), 11 (1960), 141-50. 
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Proof. A relation matrix A(®) can be obtained from a relation matrix 
A(M) by adjoining rows. For any k > 0, A(®) has more minors of 
order n—k than has A(M). 


[2.3] Let N be a fig. submodule of a fg. P-module M. Then AN 
divides A, (WD) for all k = 0. 


The proof can be found in [(1) 349]. 

Consider now an arbitrary P-module WM. Lf M,, My are f.g. sub- 
modules of IM, then WM has a f.g. submodule WM, which contains both 
M, and My. It follows by [2.5] that, for any k > 0, the collection of 
ideals A,(M,), taken as a system of neighbourhoods of zero in P, defines 
a topology? for P. We call this the k-th divisor topology V.( WM. 

Let o and + be topologies on a set P. We write + > o if every open 
set of o is an open set of 7. Consider the totality of quotient modules 
M M,, where M, is f.g. We define the k-th residual topology TAM) as 
the supremumt (with respect to the ordering >) of the topologies V».( MM). 
It follows directly from Theorem 2.5 that 


[2.4] If Nis a submodule of IN. then 
(i) V,(MOD > V,(9), 


(ii) Lewy > an 
for all k (). 


2.5] If hA-M-- Nis a P-homomor phism onto, then 
(i) VCR > V,CN), 
(ii) TM) > ay 
for all h ie 
Proof. Every f.g. submodule N, of Nis of the form A(IN,) for some 
r, M,. Then, by [2.2], A,(N,) divides 4,(Mt,). This proves (i). Since 


{ 


f 
RN, isa P-homomorphie image of WIM,, it then follows that 

Vi (DEM,) > VAM MN,). 
This proves (li). 

If WM is f.g., then V,(M) is determined by A,(M), the smallest neigh- 
hourhood of zero in the system. Furthermore, two elements of P are 
contained in disjoint open sets of V,(M) if and only if they lie in distinct 
cosets of the ideal A, (Dd) Therefore 


+t After adjoining ? and the null set, if necessary. This topology need not be 
Hausdorff, although it obviously makes the ring operations in /?? continuous, 
i.e. the open sets of the supremum of a collection of topologies on P’ are 


those subsets of 7? which are open in ea h topology of the collection. 





ON INFINITELY GENERATED MODULES 143 

[2.6] Jf Mand W are f.g. P-modules, then Vi(WM) VA) of and 
only if A, (IM) A(R). 

Thus, in the f.g. case the notion of kth-divisor topology effectively 
coincides with the classical notion of kth elementary divisor. It is 
interesting, however, that the concept of residual topology [, becomes 
trivial in the fig. case. For then I, is the trivial topology (i.e. consists 
only of P itself and the null set) for all k ~ 0. That the definition need 
not be trivial for infinitely generated modules is shown by the following 
simple example 

Let /? be the integers and let IW the direct sum of an infinite number 
of cyclic groups of order p and a finite number n of cyclic groups of 
order gq. Then [D.(M) is the Pp adic topology for all k& 0, while V,(9), 
say, is defined by the sequence of ideals (q"p') (¢ Dy ee 

Recall that the nullity o(M) of a f.g. P-module WM is the least integer 
v 0 such that A.(M) (0). We define the nullity v(M) of an arbitrary 
P-module as the supremum of »(3,), taken over all f.g. submodules 
WM, of M. TEM is f.g., then by [2.6] the definitions agree. 


3. Computation 

Let IW be a countable P-module. Then there is a sequence 

Mio M, 

of f.g. submodules with M-— [LJ M,. Lf IM, is any f.g. submodule of M, 
then there is an é such that M, c M,. Hence, by [2.2] and [2.5], V,(M) 
and [,(’) are determined, respectively, by the sequences A,(IN,) and 
VC IM) Ci i ae 

I shall make three remarks concerning the computation of these in- 
variants from a relation matrix. The following notation will be used: 
M — {m,, my,...} will mean that the module M is generated by m,, m, 
and , I will denote the submodule of WM generated by m,, my, M,,- 
Of course, , IR is not determined by n and M alone, but by a given 
choice and ordering of generators of M. An analogous notation will be 
used in § 4 for groups. 

[3.1] Uf P is Noetherian, X — {x,,%,,...) a P-module, and ® a sub- 
module of X, then there exists a set of generators %,, T»,... for R and a 
sequence i(1) i(2) ... of positive integers such that RO ,,X is generated 


/ 
Y : ~ (n 1.2 ) 


Proof. RO ,X is generated by a finite set r, ry... Assume that 
eae ,» have been chosen. Then ® 29 ,,X has a finite set of generators 
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which may be supposed to contain r,,..., t,,-,): Write this set as r, 
Tin t,)- Since R U (#9 ,,X), we have ® = {r,, ry,...} a8 required. 
Any countable ?-module IM is the image of a countable free P-module 
X under a P-homomorphism ¢ with kernel ®. Thus [3.1] merely states 
that the corresponding relation matrix for M can be given a form in 
which the first n columns and first i(n) (truncated) rows constitute a 
relation matrix for the submodule ¢(,,X). The following is often useful 


as a sufficient condition for a given matrix to be of this form: 
[3.2] Let | X;) | be a relation matrix for M XR and let (1) < a2) 


be a sequence of positive integers such that 


(1) oy; taj eee Miln),j 0 for j Nn, 


(ii) the row vectors r,,, ty, .,) are linearly independent modulo ,, X. 


Then the first n columns and first i(n) rows constitute a relation matrix for 
, Wt = {b(2%,) 
Proof. Let i.R ; oof Then condition (i) means that 
RN ,. 
Condition (ii) states that ,,.R > RA ,X. Hence 
gh HS nS/(RN _X) = ,X/ aR, 


n” ’ 


and the assertion is proved. 
In the applications to knot theory the relation matrix often takes the 


doubly infinite form 








where A,, B, (i = 0, +1, +2,...) are square matrices with non-vanishing 


is 


determinants and the entries outside of the A,, B; are zero. The columns 
of A 


In this situation we have 


, correspond to generators r,,, X,,, say, of the free module X. 
[3.3] The submatrix [A, B,]| is a relation matrix for the submodule 
of M generated by 4(x,,;) P(E nn), (Xn s1.1)5-0) P(En ate) 
Proof. Suppose that, for some fixed n, there is a linear combination 
of row vectors having only vanishing entries outside the columns of 
A,, B,. Let r be the greatest integer such that the rows of A,, B, are 


n? n* 
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non-trivially involved in this combination. If r > n, then the entries 
of this combination in the columns of B, must vanish. This would imply 
that the corresponding non-trivial linear combination of the rows of 
B, vanishes, which is impossible since B,| + 0. A similar argument, 
using A, + 0, shows that the smallest such integer r’ cannot be less 
than n. Hence the linear combination in question involves only the 


rows of A,, B 


n* 


4. The Alexander module of a group 

The notation of this section is essentially that of Fox (2) and (3). 

We first introduce a straightforward generalization of the Tietze 
transformations. Let (x:r) be a (not necessarily finitely generated) group 
presentation. Then operation (0) permutes the indices of the genera- 
tors (x) or of the relators (r). Operation (1) adjoins to the set (r) any 
set of consequences of (r). Operation (II) adjoins to the set (x) a set 
(y) and simultaneously adjoins to (r) a set (s, y € (y)), where s, is of the 
form yu, ' and u, isa word in X. 

THEOREM 4.1. Jf the presentations (x:r) and (y:8) define isomorphic 
groups, then it is possible to pass from one to the other by a finite sequence 
of operations (0), (1), (IL) and their inverses. 

Proof. We argue as in Fox |(3) Theorem 1.1], but allow the ranges 
of the appropriate indices to be infinite. 

In a parallel manner we introduce a generalization of the elementary 
matrix transformations (7) and (3). Let P be a ring with unit and 
A [x,;] @ matrix over P with an (possibly) infinite number of rows 
and columns, i.e. i and j may range over sets of arbitrary cardinality. 
The elementary transformations are as follows: 

(0) permute the rows of A in any way, or permute the columns of 
A in any way, 

(1) adjoin to A any set of rows such that each new row is a left linear 
combination of the rows of A, 

(II) adjoin to A a set of rows rg and columns ¢g such that the inter- 
section of rg and ¢g is the identity | of P, all other entries of cg are zero, 
and all other non-zero entries of rg lie in the original columns of A. 


[4.2] Let A be a relation matrix for the left P-module M,. Then the 
operations (0), (1), and (I1) do not change the isomorphism type of M4. 


Proof. We follow Zassenhaus [(7) 88]. 
Now let ¢:X + @ be the homomorphism associated with a presenta- 
L 
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tion (x:r) of a group @ and let %:G— H be a homomorphism onto. 
Let JH be the integral group ring of H, and denote by d“¢X the free 
left JH-module over the symbols Dz; corresponding to the generators 
x, of (x). If Y is a subset of X, then vo’¢Y will denote the submodule 
of p’#X generated by the elements 


pity > (@y ea )¥? da, (ye Y). 
I 


The Jacobian module d¥G is the quotient module d¥¢X /p¥?R; its 
relation matrix |(ér, éar,) |e? is called the Jacobian matrix at % of the 
presentation. It is easily verified that the generalized Tietze trans- 
formations (0), (1), (II) of (x:r) induce elementary transformations ((), 
(I), (11), respectively, of the Jacobian matrix. Hence by [4.1] and [4.2] 
the isomorphism type of d“G@ is independent of the presentation (x:r). 

The Betti group B of G is the factor group of the commutator quotient 
group GG, by its torsion subgroup. If %:G — B is the natural homo- 
morphism, then we call d’G@ and [(ér, éx;)#*] the Alexander module 
and Alexander matrix, respectively. Henceforth we shall suppose that 
B is free abelian, so that J B is essentially a polynomial ring, and there- 
fore § 2,3 apply. We then define the k-th divisor topology V,(G@), k-th 
residual topology T.(@) and nullity v(@) as the kth divisor topology, 
kth residual topology, and nullity, respectively, of the Alexander module 
o’@. They are clearly invariants of @. More precisely: 

[4.3] Lf Gand G’ are isomorphic groups, then there exists an isomorphism 
6: B > B' of their Betti groups such that the open sets of V,(G') and T,(G’) 
are the images, under the induced isomorphism 6: JB > JB’, of the open 
sets of V,(@) and 1,(@), respectively, for allk > 0. 

[4.4] Let G, @ be groups with B = B' and let 6 be a homomorphism 
of G onto G’ such that p'6 = pb. Then V,(G) > V,(G") and TAG) > TG") 
for all k 2 5 

Proof. If (x:1r) is a presentation of G with associated homomorphism 
¢, then for some set (r’) c X there is a presentation (x:r,r’) of G’ with 
associated homomorphism ¢’ = 6¢. Hence 


ova’ = p¥ OX /p¥e(r Ur’) = dYtX/{p44(r)+ d/4(r’)}, 
i.e. DY G’ is a JB-homomorphic image of D¥’G. The conclusions then 
follow from [2.5]. 


[4.5] Suppose that G/G, has no elements of finite order, so that G/G, = B. 
Then V,(G@) depends only upon B. It is discrete if B is non-trivial, and 
trivial if B is trivial. 
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Proof. The conclusions can be verified by direct computation in the 
case when G = B, a free abelian (or trivial) group. When G + B, a 
presentation of B can be obtained from a presentation (x:r) of G by 
adjoining to (r) the commutators ¢c,;; = [2,,2;] for all x,, x; of (x). If B 
is trivial, then (éc,,/éx,)¥* = 0 for all i, j, k, so that the Alexander 
matrix of B is substantially the same as that of G. If B is non-trivial, 
then V,(@) > V,(B) by [4.4] and, since V,(B) is discrete, V,(@) is discrete. 
This completes the proof. 
As a corollary, we have 
[4.6] The nullity of a knot group is not less than 1. 


However, since the Alexander polynomial of a polygonal knot of one 
component has coefficient-sum one, it follows from [2.6] that 


[4.7] A knot of one component having a group of nullity greater than | 
is necessarily wild (5). 

Let o be a topology for a ring P, and suppose that o is defined by 
the collection of ideals J,. Let pe P. Then we denote by po the topo- 
logy defined by the ideals p/,. 

[4.8] Let A be an Alexander matrix of a group G whose Betti group B 
is of finite rank. Let V be the 0-th divisor topology of the submatrix 


obtained by deleting the j-th column of A and let 
5=g.c.d(b—1) (be B). 


Then, if x; € (X) ts the generator corresponding to the j-th column of A, 


VO == {(x,— 1) /8}.9,(@). 


Proof. Let ,d%@ denote the submodule of D’G generated by the 
images of Dz,,..., Dx, under the natural homomorphism d¥¢X — dG, 
By [3.1] we may suppose that, for all n > 1, there is a submatrix ,, A 
of A which is a relation matrix for ,0%@. Denote by €; the jth column 
of A. If n > j, let ,,,A” be the determinant of any set « of n—1 rows of 
i—£;. Then it follows [(6) § 3] that, for n > j, k, 


NY, (ay, — 19 ==: (—1)-¥, A®. (2 — 194, 


né 


na 


If , AY g.c.d. ,(,,,4%), then 


2\na 
nA. (a,—1)PF = AM, (x,— 1), 
and so (#,—1)¥* divides ,A%.(x,—1)#* (k= 1,...,n). Hence also 
(x,—1)*® divides ,AY.5,, where 


*On»s 


5, = g.c.d.(r,—1)*" (i= 
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Since B is of finite rank, 5, = 6 for sufficiently large n. Therefore 
(,A%.8)/(aj;—1)¥* = (,A”.8)/(2,—1)¥9. 
Denote by ,A the common value of 
(,A®.8)/(aj;—1)¥* (j = 1,...,n). 
Then nAD == {(x,—1)¥9/8}.,,A. (a) 
Since aa = g.c.d.(,A%) (7 = l....,#), 
the ideals (,A) (n = 1, 2,...) define the topology V,. The ,A” (n = j, 
j+1,...) define VW. Therefore the conclusion follows from equation (a). 
A useful corollary is 
[4.9] For the group of a knot of one component, 
V9 = {(a,—1)¥4/(t—1)}.9,(4), 
where t is a generator of the Betti group. For a knot of more than one 


component, vu) (x, 1)¥?.V,(@). 


5. Examples 

The terms k-th divisor topology, k-th residual topology, and nullity of 
a knot will refer to the fundamental group of its complementary space. 
Computation is easily carried out by the methods of § 2 if the Alexander 
matrices are first simplified by generalized elementary transformations. 
Details are omitted. 

Consider the ellipsoid of revolution EF of [(5) Fig. 2] dissected into 
the two end points p, ¢ of its axis of revolution and a doubly infinite 
sequence seep flO)» fol Oo LC) 
of cross-sectional slabs. Let L be a simple polygonal arc in the xz-plane 
with endpoints p and q and interior disjoint from £. 

Exampte 5.1. A wild knot of nullity one. 


Using the notation of (5), let L’ be a simple polygonal arc in the 
cylinder C joining s_ and s, in the manner indicated in Fig. 1. The set 


x 
LU U f,(L’) is then a simple closed curve of nullity one, and V, is 
n - & 


defined by the ideals (1—t+é*)' (i 1,2,...). This, then, is the result 
one would intuitively expect from a ‘doubly infinite product’ of trefoil 
knots. 

EXAMPLE 5.2. A knot of nullity two. 

This is the simple closed curve described in (4); V, is trivial and I, 
is defined by the ideals (¢—1)' (¢ = 1, 2,...). 
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ExamMPLe 5.3. A knot of nullity three. 


teferring again to (5) let L’ be the union of three simple ares arranged 


as indicated in Fig. 2. The set LU [J f,(L’) can be shown to have 
n x 


the desired property. 
By combining the knots of these examples as finite or infinite pro- 
ducts, one can construct knots of arbitrary finite or countably infinite 


nullity. 


6. Open questions 

In all the examples of wild knots which I have examined the nullity 
of the knot seems to be equal to the inferior limit of the genera of any 
sequence of tubular figures (Henkelkérper) approximating to the knot. 
Does the nullity, then, have a simple geometrical interpretation ? 

If GG, is trivial, then [(3) (3.5)] the Alexander module is trivial. 
Can the methods of this paper be so modified as to become applicable 
to wild simple arcs in a non-trivial fashion ? 
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SOME THEOREMS ON MERCER’S AND OTHER 
RELATED TRANSFORMATIONS 
By B. KUTTNER (Birmingham) 


[Received 19 June 1959) 


1. For any complex number A, let 1, denote the (clearly regular) trans- 
formation from the sequence {s,,} to the sequence {u,,} given by 
u As, t (1—A)o,,, (1) 


an 


where == « (8p { _—- ‘ (2) 
n+-1 


It is knownt that, if reA > 0, then A, is equivalent to convergence. 
If reA < 0 and if u, > 8 as n + ©, then, for large n, 
, (n+l) 
Sn —_ ; a 
P'(n+1+-a) 


where K is a constant, and where we writet a for 1/A. Thus if, in this 


+-s+o(1), (3) 


case, in addition to supposing that {u,} converges, we suppose (for 
example) that the Abel means of {s,} are bounded, it follows that {s,} 


converges. This result becomes false when reA = 0. Its falsity may 
be shown by the example§ 


7 n'(1—a) 


= ; (n > 1). 

(a+ 1)(a+-2)...(a+n) 
Here u, = 0 for n > 1, and s, is itself bounded, so that, a fortiori, its 
Abel means are bounded. However, if, instead of supposing only that 
the Abel means of {s,} are bounded, we suppose that {s,} is Abel- 
summable, the result remains true when reA = 0, A #0. In other 
words, we have the theorem: 

THEOREM |. Suppose that A ~ 0. Suppose that {s,,} is summable H,, 
and that it is also Abel-summable. Then {s,,} is convergent. 


We do not need to assume that the Abel limit of {s,} is the same as 
its H, limit; this follows from the conclusion. As has already been indi- 
cated, when re A ~ 0, the conclusion of the theorem follows at once 
from known results (and more is true). We may therefore confine our 
attention to the case in which reA = 0. 


+ Hardy (2), Theorem 52, with an obvious change of notation, the A of the 
present paper corresponding to Hardy's 1/(1—a). 

t This notation will be used throughout the paper. 
§ We assume that A + 0. 


Quart. J. Math. Oxford (2), 11 (1960), 151-60. 
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Some of the interest of this theorem lies in its connexion with a 
recent paper by Jakimovski and Parameswaran (3). For any real x, 
let us write ©* for the Holder transformation (H,«); let us write © for 
®!, and J for the identical transformation. The transformation 


1—p»0, (4ys 
apart from a constant factor, is the same as H, with A = 1/(1—,); 
thus Theorem | can be expressed in terms of the transformation (4). 
Jakimovski and Parameswaran observed that the case reA 4 0 of 
Theorem | could be deduced from known results, and, by means of 


repeated applications of this theorem, expressed in terms of the trans- 


formation (4), proved the theorem:t 


THeoreM A. Suppose that the (possibly complex) constants c,, Cy,..., ¢, 
satisfy ‘the condition (y)’: that is to say, that 


P(t) = t’+¢e,t"-!+-c,t’-?+...+¢ 


r 


has no zeros yu satisfying rey = 1, wp ~ 1. Suppose that the sequence |s,} 


is Abel-summable, and that 
(1+¢,0+¢,0?+...+¢,0°)0"{s,,} 


converges. Then {s,,} is summable (H,x). 


tnd 
The need for ‘the condition (y)’ arose from the fact that Jakimovski 
and Parameswaran had obtained Theorem 1 only for the case in which 
reA ~ 0 (the case rea 0 corresponding to rey = 1). Thus Theorem | 
of the present paper enables Theorem A to be completed by the removal 
of this restriction. t 


2. It has been shown by Ramanujan that there is a close relation 
between Hausdorff summability (H,,,) and quasi-Hausdorff summa- 
bility (H*,yu,,,,). Given a sequence {y,}, (H*,u,,,) is conservative if 
and only if (H,,) is conservative. Further, if (H,,,) is regular, then 
so is (H*,w,,,,); if (H* u,,,,) is regular, then so is (H, ,,,), provided that 
fy is suitably chosen.g Now when z,, I/(n+-1), the (#7,y,,) trans- 
formation reduces to @, while the (//*, ,,,,) transformation is given by 


‘ 8. ‘ 
(n+-1) NS == (5) 
—- (v T L)(v T 2) 
v n 
+ Loe. cit., Theorem A’. 
t Cf. loc. cit., Remark (11) of p. 297. 
§ We observe that (#7*,,,,) does not involve pio. The results stated here are 
implied by the results of Ramanujan (5) (in particular, page 201), though Rama- 
nujan does not state them in quite this form. 
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Thus (5) may be regarded as the quasi-Hausdorff transformation which 
in some sense corresponds to © regarded as a Hausdorff transformation. 
Further, if H% denotes the transformation from {s,} to {v,} given by 


v, = As, +(1—A)r,, (6) 
H* may be regarded as corresponding to H,. I have recentlyt considered 
the transformation H}, and shown that it forms an exception to the 
general rule that the behaviour of quasi-Hausdorff transformations is 
usually similar to that of the corresponding Hausdorff transformations; 
whereas HH, is equivalent to convergence if and only if reA > 0, yet H¥ 
is equivalent to convergence if and only if either reA < 0, or A 4 0, 
rea > 1. However, H¥ does satisfy a theorem analogous to Theorem 1. 
We shall, in fact, prove the theorem: 

THEOREM 2. Suppose that A 4 0. Suppose that {s,,} is summable H3, 
and that it is also Abel-summable. Then {s,} is convergent. 

Finally, the analogues of Theorems | and 2 hold with sequences 
replaced by functions. Let f(z) be any function which is Lebesgue- 
integrable in any finite interval contained in x > 0. For x > 0, we 


write 


if 
g(x) | f(tvat, (7) 
r . 


h(x) = 2 | Pe, 


and, for s > 0, we write ' 
A(s) = 8 | f(x)e-* dr, (9) 
0 
provided, in the case of (8) and (9), that the integrals converge at 
infinity. Taking A as a fixed complex number, we write 
O(x) = Af(x)+(1—A)g(z), (10) 
d(x) Af(a)+-(1—A)A(z). (11) 
Then we have the theorems: 
THEOREM 3. Suppose that X 4 0. Suppose that 0(x)->a as x-> w, 
and that A(s)->bass—+>0+4-. Thena = b, and f(x) >aasx-> om. 
THEOREM 4. (i) The proposition: ‘Ift (2) >aasx-—> x, the n f(x) >a 
as x-» «© is true if and only if either reA < VorA #0, rea > 1. 


+ Kuttner (4) 


t The assertion that d(7) > a as 4 + & is to be taken to include the assertion 


that the integral on the right of (8) converges. 
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(ii) Suppose that A ~ 0. Suppose that d(x) >a as x > @, and that 
A(s)>bass+>0+. Thena = b, and f(x) >aasx>om. 


As the function analogue of H* does not appear to have been con- 
sidered hitherto, I have, for the sake of completeness, given in Theorem 
4 the analogue of the main result of Kuttner (4) in addition to the 


analogue of Theorem 2. 


3. Throughout the rest of the paper, I use A to denote a non-zero 
constant depending only on A; it may be different at each occurrence. 
We write : 
p(x) = (1—2x) > 8,2" (12) 

n=0 
whenever the series converges. 

In proving Theorem 1, we may clearly suppose, without loss of 
generality, that {s,} is summable /, to 0; in other words, that wu, > 0 
as n-» oo. Hence the case in which reA = 0 (which is the only case 
we need consider) is included in the more general theorem: 

THEOREM 1*. Suppose that reA = 0,A # 0, and thatu, > Oasn > w. 
Then (12) converges for 0 < 4 < 1, and 

%(1—1/n)—R,, 0, > 0 (13) 


as n-» ©, where R,, is a certain function of n which tends to A as n > x, 


In a similar way, the special cases of Theorems 2, 3, 4 (ii) in which 


reA = 0 are included respectively in the following theorems: 
THEOREM 2*. Suppose that reA = 0,rA ¢ 0, and that v, > 0asn—> ow. 
Then (12) converges for 0 < x < 1, and 
Y(1—1/n)—K,, 7, > 0 (14) 
as n-» 0, where K, > Aasn->@. 
THEOREM 3*. Suppose that reA = 0, A #0, and that O(r) > 0 as 
aa. Then (9) converges for s > 0, and 
A(s)—Ag(1/8s) > 0 (15) 
as 8 —> 0+. 
THEOREM 4*. Suppose that reA = 0, A #0, and that d(x) > 0 as 
xx. Then (9) converges for s > 0, and 
A(s)—Ah(1/s) > 0 (16) 
as s—>(0-+-., 
4. We now come to the proof of Theorem 1*. We write 
_ (a+ 1)(a+-2)...(a+n) 


n! 
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Then, since 8 


n 


it follows from (1) that 


ry, u nn" 


1-+-nA 


Hencet 0, 


Now we are given that u 


n 
re «x 
o (log n). 


for large n, a, 


Further, we have, for 0 < z - 


(l—x)? ¥ (n4 


ne O 


x 


(l1—z)? + @: 


— 
ne 


where 


R(v, x) 


—no,,_,+(n+l)o,, 


. 17 
ry, ao 1+-vA (7) 


>0 as n-> x, and we note that, since 


0, r, and I/r, are bounded. It therefore follows from (17) that, 


This establishes the convergence of (12). 
a 


l )o,, rn 


n 


7) mn 
be YY 


Col Riv. 2x), 


18 
= el — 
v 0 


r 


aay 5 ete 


rn 


(19) 


n ’ 


the inversion in the order of summation being justified by absolute 


convergence. We next note 
small positive | 


R(v,2)— R(0, 2) 


Also, uniformly in v for v 
Riv, x) = O}(1 
or 


Using (20) for v < 


x)? > 
x)(v4+-1)+-a]a"} 


n and (21) for v 


that, since I/r, is bounded, we have for 


x, uniformly in v, 


y (n- 


x)? ~ 


(1 


(n+ Nya” 


O}(1—2x)vx"}. (21) 


-n, and using again the bounded- 


ness of r,, we deduce from (18) that, for large n, 


b(1—1/n) = R(O,1—1/n) Y 7" 
¥ , YF Sack 


roll $ visii+ol! 
2 i * 
\n ve 


tl, 


s (1—I1/n)"\u, \ 
os ie In» n+l a 


+ Equation (17) is obtained (with a different notation) in the course of the 


proof of Hardy (2), Theorem 52. 
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Since u, = 0(1), it follows with the aid of (17) that 
X(1—1/n) = R,,o,,+-0(1), 

where R,, =r, R(O,1—1/n). 

Now, for m > 0, 


n” 


' 
m 1 (m 1)! ’ A(m-+1)!-2-4-0(1) 
r (a+ 1)(a+-2)...(a+-m) 


42—8— x)...(m +l ~x) + O(1). 


m! 
Hence, by (19), we have, for small positive 1—z, 


= (2 3—a)...(m- = 
R(0,2) = A(l—2z)? S as x lh el ») ym -Oll—ax)? ¥ am! 
—, m! | 

m 


A(1—x)*+O(1—2). (23) 
Since r,, ~ An*, it follows from (22) and (23) that R, + A as n> o@. 
This completes the proof of Theorem 1*. 


5. The cases of Theorem 2 in which reA < 0 or A # 0, rea > | are 
included in Theorem | of Kuttner (4); in these cases the hypothesis of 
Abel summability is redundant. Now suppose that 0 < rea <1. We 


write at 
k, sialon (24) 
(x-+ 1)(a-+-2)...(a+n) 


Rewriting equation (14) of Kuttner (4) in the notation of the present 


paper,t we have 
k,, Uv, I 
r | n 


‘ Baa Ta+te 


whence it follows that, whenever the series on the right converges, 


C l . k, v, 26) 
ko’ kh, Ga dbvt+At : 


where C is a constant. Now suppose that {s,} is summable H¥ to 0, 


so that v, + Oasn > x. Since k, ~ An-*, we deduce that (26) is valid, 


7 
Nn 


and that Ck, +o(1). 


Hence, by (6), 8 (l—a)C/k, +0(1). 


" 


s,} is Abel-summable (or, more 


generally, that the Abel means of {s,} are bounded) it follows that 


n 


If, now, we suppose further that { 
f 


C 0. This establishes the case of Theorem 2 in which 0 < rea < 1. 


+ We observe that the *k,,’ of (4) (with N = 0) is n+ 1 times the present ‘k,’. 
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We now come to the proof of Theorem 2* (which includes the only 
case of Theorem 2 still outstanding). Since any alteration in 8, will not 
affect either the hypotheses or the conclusion of the theorem, we may 
» changed (if necessary) in such a way as to make 7, = 0; it 
then follows from (25) that 


supp se 8 


I ~ kv 


¥ v 
7; , —- +. 
ss k, <~ Aw+A+1 
ved 
Now (6) can be written in the form 
8 xy, +(1l—a)r,, 


" 


whence u(x) wp, (x) + (1—a)pb,(2), 


where yb, (a) )¥ v, a" +0 


as x -» 1—, and where 
yiy(x) 
It follows from (27) that 


Ybo(2x) 


where K(v, 2) (l1—2) 


Again, since 1/k, is bounded, we have 


K(v,x)—K(0, 2) —(l—z) S - = Ofv(1—z)}, 
at &n 
and also K(v, 2) O(2x”). 


It therefore follows from (30) that 


(1 l/n) -K(0,1 l/n) Fi 


»4 
+1, 3 
Hence, again using (27), we have 
y(1—I1/n) = K,,7,+-0(1), (32) 
where K,, = k, K(0,1—1/n). 
Clearly, (14) follows from (28), (29), and (32). Also, by (24) and (31), 
K(0,z) = (l—z)-*—(1—z). 


Hence K,, > A as n > ©, and the proof of the theorem is completed. 
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6. As with the analogous Theorem 1, those cases of Theorem 3 in 
which reA + 0 follow from a known theorem.+ It is therefore enough 
to consider Theorem 3*. The hypothesis and conclusions of the theorem 
are unaffected if we alter f(x) in any finite interval; we may therefore 
suppose that f(x), and hence also g(x) and 6(x), vanish identically in 
some right-hand neighbourhood of the origin. It then follows from (7) 
and (10) that e 

g(x) = = t*-19(t) dt. (33) 
0 
Hence the hypothesis that 6(t) > 0 as t - oo implies thatt g(x) = o (log 2) 
for large x, and hence, by (10), that f(7) = o(logz). This establishes the 
convergence of (9). Also, integrating by parts, we have 
( xg(x)e-** dx = as? , a1-%-8z dx ( t*-10(t) dt, 
0 0 0 
by (33). Hence, the inversion in the order of integration being justified 
by absolute convergence, 
A(s) = as? [ t2-20(t)dt [ 2-%e-* dx = as* [ t*10(t)p(st)dt, (34) 


0 t 0 
r 


where p(€) = | v!-%e-" dv. 
é 


Using the results that, for small €, 
§ 
WE)—P(0) = — | vi-2e-" dv = O(€), 
0 


and that, for large &, YE) = O(€e-*), 


we can now complete the proof by an argument analogous to that used 


for Theorem 1*. 


7. We now consider the negative part of Theorem 4(i). We have to 
show that, if A #0, 0 <rea < 1,§ the hypothesis that ¢(x) >a as 
x > 0 does not imply that f(x) +a as xz—o. For this, we take 


fiz) = z* (z > 1). 
So long as rea <1, (8) converges, and we have, for x 
h(x) = x*/(1—a), 


+ Hardy (1), Theorem 1. Hardy supposes that f(z) is continuous, but this 
restriction is not essential. 

t This result is given in Hardy (1). 

§ The case A = 0 is familiar, and may therefore be omitted. 
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and hence d(x) = 0. 
This gives the required result. 

In dealing with the rest of Theorem 4 (and with Theorem 4*) we 
may suppose, as in the case of Theorem 3*, that f(x) vanishes identically 
in some right-hand neighbourhood of the origin. We may further alter 
f(x) (if necessary) in such a way as to arrange that 


sh dt = 0. 


0 
Then A(x) and ¢(x) will also vanish identically in some right-hand 
neighbourhood of the origin. It therefore follows from (8) and (11) that 


h(x) = —ax [{ t-2-1¢(t) dt. (35) 
0 
Suppose now that d(x) > 0 (36) 
as xo. If rea < 0, it follows at once from (35) that h(x) > 0 as 
xr—>o. If rea > 1, then, since the convergence of (8) alone implies 
that A(x) = o(x), and thus that 


x-*h(x) + 0 


as x — ©, we deduce from (35) that 


x 


h(x) = ax® { t-2-1g(t) dt. (37) 


Y 


It follows from (36) and (37) that h(x) > 0 as 2 + 0, and this completes 
the proof of Theorem 4 (i). 

Those cases of Theorem 4(ii) in which reA < 0 or rea > | are in- 
cluded in Theorem 4(i). Now it follows from (35) that (for any A + 0) 

h(x) = Kx%+-ax% [ t-*-19(t) dt, (38) 
z 
where A is a constant, whenever the integral on the right converges. 
Suppose now that 0 < rea < 1. If (36) holds, we deduce that (38) is 
valid, and hence that, for large 2, 
h(x) = Kx*+0(1). 

If we suppose further that A(s) tends to a limit as s + 0+ (or, more 
generally, that A(s) is bounded for s > 0), it follows that K = 0, which 
gives this case of the theorem. 

We now come to the proof of Theorem 4*, which includes the only 
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remaining case of Theorem 4(ii). We have, by (11), 
A(s) = «A,(s)+(1—a)A,(s), 


where A,(s) = 8 | d(xje*dxr>0 
0 
as 8 > 0+-, by (36), and where 


A,(s) = 8 { h(aje-** dx = —as | xe dx [ t-2-14(t) dt 
0 0 0 
- x8 ( t-*-14(t) dt ( x%e-* dx = —as~* ( t-*-1(t) y(st) dt, 
6 i 0 
where x(€) = ( v%e-" dv. 
Since, for small €, x(€)—x(0) = O1€), 
and, for large &, x(é) = Ofe-), 


we can now complete the proof by an argument analogous to that used 
for Theorem 2*. 


REFERENCES 

1. G. H. Hardy, ‘Generalizations of a limit theory of Mr. Mercer’, Quart. J. of 
Math. 43 (1912) 143-50. 

a. Divergent series (Oxford, 1949). 

3. A. Jakimovski and M. R. Parameswaran, ‘Generalized Tauberian theorems 
for summability-(A)’, Quart. J. of Math. (Oxford) (2) 9 (1958) 290-8. 

4. B. Kuttner, ‘On a certain quasi-Hausdorff transformation’, J. London Math. 
Soc. 34 (1959) 401-5. 

5. M. 5. Ramanujan, ‘On Hausdorff and quasi-Hausdorff methods of summa- 
bility’, Quart. J. of Math. (Oxford) (2) 8 (1957) 197-213. 

















0S SOSSSSS55 55555505 55556955555565555555555555555555556 


An Introduction to Mathematics for 
Students of Economics 
J. PARRY LEWIS With diagrams 40s 


Textbook of Economic Analysis 
EDWARD NEVIN, M.A,, PH.D. 18s 


Mathematical Economics 


R. G. D. ALLEN, C.B.E£., M.A., D.SC., F.B.A. 63s 
Elementary Pure Mathematics 
J.D. HODSON, M.A., B.SC. 17s 6d 


MACMILLAN & CO LTD 


St. Martin’s Street, W.C.2 


9999555000666 955555556555555565555655555555504 
OOOSSOOOOSSOSSOSOOSOOCOSESOC OOO OSCOOSCSCOSOOCOSOOF 


0000005655055 55555565556595955555555555555550605500000 









DILLON’S 
UNIVERSITY 
BOOKSHOP LtTtp 


. 
AN EXTENSION of our 
SCIENTIFIC AND TECHNICAL 
DEPARTMENTS presents us with 
an opportunity to offer 
SCIENTISTS and STUDENTS 
a larger range of literature 
on SCIENCE & MATHEMATICS 
. 


ON SCIENCE re, 
MATHEMATICS & stock obtained with the 


least possible delay 


HEFFER'S 
kk % 














THE HUMANITIES ee... 
po: *phone 
IN ALL LANGUAGES are pt ah oheeee 
* 
ZYMUND : TRIGONOMETRIC 
Catalogues available free SERIES. 2nd Edition, 2 Volumes 
books & learned journals bought £8. 8s. net 
* 


W. HEFFER & Sons, Ltd. |] | 1 MALET STREET 


Petty Cury + Cambridge MUSeum 2128 . 7166/7 
















































